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Abstract
A 3D (three-dimensional) finite element program has been developed for reinforced and
prestressed concrete structures. It has the capability to account on the one hand for every
single rebar and, on the other hand, allows the engineer to perform the nonlinear analysis
with feasible effort. All parameters needed can be taken from the literature (codes, FIBbulletins). The mesh can be designed without considering the reinforcement layout. The
position and diameter of one-dimensional reinforcement bars / tendons can be retrieved
from detailing, only some mechanical information needs to be added. The bars are
automatically discretized for the element mesh. They are embedded into the parent
elements. The contribution of the rebars or tendons to the stiffness matrix is superimposed
on the respective parent elements. The rebar stiffness is integrated along the axis of the
rebar within the parent element employing the embedded approach. An embedded
approach allowing consideration of slip between the rebar and the parent concrete is
presented by introducing slip degrees of freedom to the parent elements. Thus, forces
(prestress) can be applied directly to the rebars. The classical embedded approach
introduces no additional degree of freedom and is therefore restricted to perfect bond on
the global level. However, slip situations can be accounted for at the material level.
Anchorage loss is modeled by modifying the constitutive law of the rebar. Slip situations
along the entire rebar can be modeled by introducing supplementary interface elements at
the material level, after computation of the displacement field. Slip situations arising from
any kind of prestress (initial pre-tensioned, bonded or unbonded post-tensioned tendons)
can be accounted for by this supplementary interface model. If only the effect of prestress
is of interest, but not the slip arising from the prestress action, prestress loading can be
applied without employing the supplementary interface model. Concrete is modeled in
terms of plasticity, employing the Ottosen failure criterion. Several rotating crack models
based on the cohesive crack concept are available for tensile failure. Creep is accounted for
by integrating the entire stress history. A detailed user’s manual for the program is
included as well. Finally, the potential of the program is demonstrated by means of solving
individual examples in structural engineering and for situations of soil structure interaction.
The developed program is an extension of an existing computer program, which has the
capability to perform a coupled analysis of Boundary Elements and Finite Elements
(BEFE), although none of the boundary element options is used in the present work. BEFE
was developed by Gernot Beer and his group. The program was designed originally for
geotechnical applications, with the new concrete module it has gained the potential to
perform analysis in the area of nonlinear soil structure interaction.

Kurzfassung
Es wurde ein Finite Elemente Programm zur dreidimensionalen Berechnung von
Stahlbeton- und Spannbetonkonstruktionen entwickelt. Einerseits kann jeder
Bewehrungsstab berücksichtigt werden, andererseits erlaubt es dem Ingenieur eine nicht
lineare Berechnung mit vertretbarem Aufwand durchzuführen. Alle verwendeten
Parameter können der Literatur (Normen, fib-bulletins) entnommen werden. Das
Elementnetz kann ohne Rücksicht auf die Bewehrungsführung entworfen werden. Die
Lage der eindimensionalen Bewehrung und die Stabdurchmesser können vom
Bewehrungsplan übernommen werden. Es wird nur wenig zusätzliche mechanische
Information benötigt. Die Bewehrung wird automatisch auf das Elementnetz diskretisiert
und in das Mutterelement eingebettet. Der Beitrag der Bewehrung bzw. der Spannglieder
zur Steifigkeit wird zu der Elementsteifigkeitsmatrix des Mutterelements hinzugezählt. Die
Bewehrungssteifigkeit wird unter Zuhilfenahme der eingebetteten Formulierung entlang
der Achse der Bewehrung im Mutterelement aufintegriert. Es wird ein Element entwickelt,
welches Schlupf zwischen der eingebetteten Bewehrung und dem Mutterelement erlaubt,
indem Schlupffreiheitsgrade entlang der Bewehrungsachse eingeführt werden. Folglich
können Vorspannkräfte auch rechnerisch direkt am Bewehrungsstab angebracht werden.
Die klassische eingebettete Formulierung kommt ohne zusätzliche Freiheitsgrade aus, ist
aber innerhalb der globalen Berechnung auf starren Verbund beschränkt. Auf
Materialniveau kann aber der Schlupf dennoch berücksichtigt werden. Die verminderte
Tragfähigkeit entlang der Verankerungslänge der Bewehrung wird durch eine Reduktion
der Stahlfestigkeit an den Stabenden modelliert. Der Schlupf entlang des gesamten Stabes
kann durch Einführen von Interfaceelementen auf Materialniveau, nachdem die globalen
Verschiebungen berechnet wurden, modelliert werden. Entsteht Schlupf infolge
Vorspannung, sei es durch initiale Spannbettvorspannung oder durch nachträgliche
Vorspannung mit oder ohne Verbund, kann er durch dieses nachträgliche Verbundschlupfmodell erfaßt werden. Soll jedoch nur die Auswirkung der Vorspannung auf die Struktur
erfaßt werden, ohne daß der dabei entstehende Schlupf von Interesse ist, kann die
Vorspannkraft auch ohne Zuhilfenahme dieses nachträglichen Verbundschlupfmodells
aufgebracht werden. Der Beton wird im Rahmen der Plastizitätstheorie modelliert wobei
die Ottosen Fläche als Bruchfläche dient. Für die Modellierung von Zugversagen stehen
verschiedene rotierende Rißmodelle basierend auf dem kohäsiven Rißmodell zur Auswahl.
Kriechen wird durch Integration der gesamten Spannungsgeschichte erfaßt. Ausgearbeitet
wurde auch eine ausführliche Anleitung zur Programmbenutzung. Die Möglichkeiten des
Programms werden an ausgewählten Anwendungsbeispielen aus dem konstruktiven
Ingenieurbau und an Beispielen der Boden-Tragwerks-Interaktion gezeigt. Das entwickelte

Programm ist ein Zusatzmodul zu einem bestehenden Programm, welches die Möglichkeit
einer gekoppelten Analyse von Randelementen und von finiten Elementen bietet (BEFE),
wenngleich die Randelemente in dieser Arbeit nicht zur Anwendung kommen. BEFE
wurde von Gernot Beer und seinem Team ursprünglich für geotechnische
Problemstellungen entwickelt. Mit dem neuen Betonmodul erlangt das Programm die
Möglichkeit, Berechnungen auf dem Gebiet der nicht linearen Boden-Tragwerks-Interation
durchzuführen.
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1 Introduction

Introduction

1.1 Relevance of the Work
Many scientists as well as practicing structural engineers agree that the ultimate load is not
the only important number within structural design of a reinforced concrete structure.
Accordingly, modern design codes require the proof of the serviceability limit state (SLS)
in addition to the ultimate limit state (ULS).
Generally, the sectional forces are computed linearly elastic by assuming the same stiffness
of the structure for both load levels, the SLS-load level and the ULS-load level. This
practical concept fails in numerous cases, e.g.
Ø

In many cases of soil structure interaction, the load level is dependent on the stiffness
of the structure. Thus, the correct stiffness of the structure needs to be known in order
to be able to assume the correct loads acting on the structure.

Ø

If dynamic problems or earthquakes are investigated, the stiffness of the structure is a
key component for the entire performance of the structure.

Ø

In any given structure that has failed partially, the redistribution of internal forces is of
interest. For such an investigation, the currently acting loads need to be determined as
first step. The new performance of the structure needs to be predicted often as second
step. Therefore, it is indispensable to consider the nonlinear behavior of the structure in
most cases.

Ø

If the performance of a new design is simulated numerically, the structural
performance over the whole history is of interest. It is not sufficient to know only about
the SLS and ULS.
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Ø

If a retrofit for a given structure needs to be designed, it may be important to simulate
the current situation of the structure in order to be able to predict the interaction of the
old and the new components.

The entire history of the load-carrying performance of a reinforced concrete structure can
be tracked by performing a nonlinear finite element analysis. Extensive research herein
was conducted during the last decades, however no break-through of nonlinear finite
element methods did occur until yet in the area of reinforced concrete design. The
motivation to replace the well-established methods in current engineering practice (and
even sometimes in research) is low since the effort for a nonlinear analysis is high and the
level of experience with nonlinear FE-programs for reinforced concrete structures is often
poor.

1.2 Motivation and Aim of the Work
The aim of this thesis is to make advanced numerical methods available for engineers. The
most important issues of reinforced and prestressed concrete should be incorporated in a
straight and comprehensive way. Details, which may become very important in special
cases but which are of minor importance in the general case, should be omitted completely
in the presented work. A tool should be developed that allows to study the interaction of
several nonlinear effects of reinforced and prestressed concrete structures from the
engineering point of view. No solid knowledge of the theoretical framework behind should
be necessary.
In the author’s opinion, a successful introduction of nonlinear methods into practice can be
achieved only, if these methods do require only reasonable time in order to prepare the
input data. This requires that only easily accessible material parameters, which can be
understood by an engineer, need to be provided. In addition, the preprocessor should have
the capability to import the geometry of the domain and of the reinforcement directly from
a CAD-database in order to minimize the laborious work of providing the geometric input.
Then, only some mechanical information (loads, material parameters, etc.) needs to be
provided additionally.
The advantage of a continuum-mechanics based approach is that nearly no simplification
and idealization of the domain is necessary. Such a computer program can account by
default for every single rebar at its exact spatial position. Hence, the load-bearing
mechanism is computed by the program once the geometry of the domain is provided. The
computing expenses are high but acceptable for today's standard computers. Considering
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the fast development in computer hardware, it is acceptable to increase the computing
demand, if the time for preparing the input data can be decreased.
Because of the professional background of the author, it was a major goal to develop a
tool, which gains the capability to investigate soil structure interaction problems as well. In
order to be able to combine some of these ideas, it appeared to be necessary that full access
to the program code is available and the program should have implemented some features
toward these goals. It appeared that [BEFE (2001)], which was developed for geotechnical
problems by Prof. Gernot Beer and his group, could serve as a development platform. The
geotechnical part is already covered by the program and the user environment is very
reasonable for academic purposes. Hence, this work can concentrate primarily on adding a
module, which can account for reinforced and prestressed concrete.
[BEFE (2001)] has also the capability to perform a coupled analysis of Boundary Elements
and Finite Elements, therefore the name BEFE. However, none of the boundary element
options is involved in this work.

1.3 Layout of the Work
This thesis is supposed to serve as a reference for the developed software. It should
illustrate the capability of such methods for reinforced concrete structures from the
engineering point of view. Although some mathematical background is necessary, more
importance is attached to the physical interpretation of the implemented methods.
In general the reinforcement layout of concrete structures is highly inhomogeneous
compared to the reinforcement layout of other structural materials like reinforced
synthetics. In order to highlight this characteristic behavior of reinforced concrete the
chapters dealing with the reinforcement and with bond between the reinforcement and the
parent material are presented before the concrete behavior and its’ modeling is presented.
Moreover, a reinforced parent element may employ any material law and is not restricted
to employ a concrete material law in the developed computer program.
Chapter 2 is devoted to the reinforcement. It starts with a classification of the available
approaches for modeling the reinforcement within the finite element method. The
embedded approach [Elwi/Hrudey (1989)] was selected for this work. It allows a discrete
representation of the rebars at their exact spatial position without increasing the global
stiffness matrix size if perfect bond is assumed. The rebars are embedded into the parent
concrete elements and the mesh layout of the parent domain is independent of the
reinforcement layout. This standard form of the embedded approach is restricted to perfect
bond and computationally efficient. Although [Elwi/Hrudey (1989)] presented also a
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formulation, which allows the embedded rebar to slip, this formulation appeared not to be
referenced any more in recent literature. In this work the embedded approach allowing slip
is derived again in a new attractive way. [Barzegar/Maddipudi (1994)] presented a way to
discretize straight reinforcement bars to a regular mesh. In this work a way is shown,
which can discretize a curved reinforcement to an irregular mesh. At the end of the chapter
the first case study shows some situations of stress concentrations in the vicinity of the
rebars. The stress distribution perpendicular to the rebar axis is shown by a local 2Danalysis where the same element types are employed for the rebar and for the concrete. An
explanation is given why the embedded approach cannot account for such situations. The
other case studies show some examples, which are supposed to illustrate the capabilities of
the embedded approach. These examples are supposed to test and verify the
implementation into the computer program as well.
Chapter 3 scrutinizes the bond between the rebar and concrete. At the beginning the
phenomenological behavior of the rebar-concrete interface [Eligehausen et al. (1983),
Pochanart/Harmon (1989)] and corresponding reviews [fib1, fib10] are shown. The
advanced [MC90] bond model and simple design code requirements [EC2] are presented.
The Mohr-Coulomb model is a standard model for any kind of interfaces. The adoption of
this Mohr-Coulomb model for the rebar / duct interface and the soil / grout-body interface
is discussed. The Mohr-Coulomb model is also compared to the advanced interface model
presented in [MC90]. Then, the computational representation of the interface behavior is
presented starting at the default situation, which assumes perfect bond on the rebar ends. A
simple modification is to reduce the steel strength on the rebar ends. A consistent interface
model, which is able to account for slip along the entire rebar, is developed. Slip along the
rebar is introduced at the material level, relaxing the perfect bond solution obtained from
the global analysis. Since this relaxation is done after the perfect bond solution was
obtained, the name “Supplementary Interface Model” is introduced for this interface
model. Since the capabilities of this model are similar to those of the embedded
formulation allowing slip (presented in chapter 3), the two models are compared finally. At
the end of the chapter the bond behavior of a 30mm and of a 12mm rebar is investigated,
assuming first the simple design code requirement for bond [EC2] and then the advanced
bond-stress slip relation of [MC90] is employed. The example is aimed to provide, on the
one hand, insight into the predicted bond behavior and, on the other hand, to show the
capability of the supplementary interface model.
Chapter 4 is dealing with prestress loading. Prestress can be incorporated easily by
considering the forces arising from prestressing on the right hand side since prestress
forces are transferred to concrete in consequence of load balancing [Lin (1963)]. This lucid
concept is proven by showing the equality of virtual work [Hofstetter (1987)]. In general,
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there are two methods available in practice for prestressing: Prestress applied by initially
prestrained wires in the prestress bed before concrete is cast. Second, post-tension tendons,
which are prestressed after concrete has cured. Both methods are explained and detailed
illustrated on different examples. Once for the perfect bond formulation and once for
rebars which can compute the arising slip employing the interface model.
Concrete behavior and modeling is subject of chapter 5. The complexity of concrete,
effects influencing the strength parameters of concrete, the behavior under applied load
and the nature of creep and shrinkage is presented at the beginning [Grübl et al. (2001),
Wesche (1996), Kotsovos/Pavlovic (1995)]. A very brief classification of available models
for describing the time independent behavior of concrete was extracted from reviews by
[Chen et al. (1993), Hofstetter/Mang (1995)]. The model employed for concrete is a simple
but robust model, which gives good predictions for engineering situations. (At least for
those studies, which were investigated until now. Some of them are presented in this
thesis) Cracking is described by a rotational crack model based on plasticity theory
employing the cohesive crack concept [Hillerborg et al. (1976)] for strain softening.
Concrete crushing is modeled by the [Ottosen (1977)] failure surface. This surface is
capable to predict the ultimate load level well if no significant load reversals are involved
at high load levels. The model parameters can be obtained easily [MC90, Dahl (1992)]. For
the numerical return to the failure surface, the elasto-plastic algorithm is compared to the
elasto-visco-plastic algorithm. A strain rate multiplier is introduced. This multiplier
simulates the elasto-plastic solution within the elasto-visco-plastic algorithm but does not
require the derivatives of the failure surface with respect to the stress tensor components.
Then, the shrinkage & creep model [fib1, Müller/Kvitsel (2002)] and the numerical
integration of the stress history corresponding to [Walter (1988)] is presented. The chapter
closes with an investigation of the quality of the numerical solution when concrete stresses
concentrate on the boundaries of the cross-section since such stresses cannot be recovered,
if a coarse mesh is employed.
In chapter 6 the potential of the program is demonstrated by applying it to several
engineering situations. The first example refers to a tied back diaphragm wall. This wall is
a benchmark example of the German Society for Geotechnics [Schweiger (2001)]. In this
case the anchors are modeled employing the supplementary interface algorithm. The bondstress / slip performance of the grout body with the soil is investigated. After the
reinforcement in the wall was determined by assuming an elastic wall, the non-linear wall
performance at different reinforcement ratios was studied. It seemed that a reduction of the
reinforcement by two thirds to the minimum reinforcement does not cause any danger for
the structure. In the second example the concrete lining of a shallow railway tunnel is
examined. The lining has experienced some damage. Then, a corbel is investigated and
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compared to results given by [Meschke (1991)]. A frame joint where bond is crucial is
investigated in the next example. The validity of the supplementary interface algorithm is
shown. It is also demonstrated that the tension stiffening effect is accounted for by this
algorithm by default. Next, the performance of a concrete plate, which consists of two
types of concrete of different age is investigated. The interface stress is computed
considering different creep and shrinkage behavior. The last example refers to the
investigation of a slender and highly prestressed shed roof girder.
Chapter 7 contains a user’s manual for the software. It starts with step by step instructions
for the installation process of the software. After providing general guidelines for nonlinear
FE-analyses, the structure of the program is described. Detailed advice for preparing the
required input data is given. Postprocessing allows to study the results graphically and
numerically since most output files are written as ASCII-files.
The appendix (chapter 9) contains a detailed notation list and an explicit representation of
all employed matrices. The matrices can be found in numerous textbooks [e.g.
Mang/Hofstetter (2000), Beer/Watson (1992), Chen/Saleeb (1994), Boresi et al. (1993),
Pande et al. (1990), Hughes (2000)] as well. However, it will be helpful for the reader to
find the matrices again, which are employed in this work, since the embedded
reinforcement is formulated in a local coordinate system within the local coordinate system
of the parent elements. By defining all matrices in an explicit notation in chapter 2, it will
be clear in the following work in which coordinate system the concerned element is
considered in the equation.
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Reinforcement
The reinforcement represents a discontinuity of the stiffness distribution within a
reinforced concrete member. When such a domain is discretized by finite elements, only in
very few cases the domain is subdivided into plain concrete elements and steel elements.
This is done only if details are investigated. In general, a formulation needs to be employed
which is able to account both the concrete and the reinforcement in an implicit manner.
Several methods are available allowing treatment of reinforced concrete in an integrated
manner.

Fig. 2-1 a) Illustration of a reinforced concrete member
Ø

b) ways to represent a rebar in the FEM

Discrete Approach
The reinforcement is modeled as individual truss elements, which are connected to the
concrete element nodes as shown by a red line in Fig. 2-1b. In general, this approach is
the most accurate one and bond slip can be introduced straightforwardly.
[Ngo/Scordelis (1967), Schäfer (1975)]. Further, this way of modeling the
reinforcement can be performed with most multi-purpose FE-programs since no special
element formulation needs to be provided by the program.
The major disadvantage of the discrete approach is that the mesh design is dependent
on the reinforcement layout. Considering the small concrete cover and the
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recommended aspect ratios for elements, one can see that the mesh design becomes a
challenge. Most times a large amount of small elements is the consequence. Computing
time is increasing significantly.
A remedy is to move the midside nodes of elements with parabolic shape functions
towards the main reinforcement [El-Mezaini/Citipitioglu (1991), Arafa/Mehlhorn
(1998)]. The secondary reinforcement is modeled within the smeared approach.
Ø

Superposition of each Constituent of the Composite Element
Ø

Smeared Approach

The reinforcement bars are smeared as a steel layer of mechanically equivalent
thickness parallel to an element side, as shown by the green layer in Fig. 2-1b. The
depth of the steel layer from the element face can be specified by the user. This
approach is suitable to model uniformly distributed reinforcement. In some members
(e.g. wall panels) the entire reinforcement may be distributed uniformly, there the
smeared approach can be applied even as stand-alone solution for modeling the
reinforcement.
Ø

Embedded Approach

This approach accounts for the discrete presence of the rebars within a parent element.
The reinforcement is independent of the mesh design for the parent domain as shown
by the blue line in Fig. 2-1b. The rebar can intersect the parent element in any direction
and it can change the direction freely within the element. Even the start- or endpoint of
the reinforcement is not restricted to an element face. This is very appealing if the
stiffness of the reinforcement is accounted for automatically. The same displacement
field is applied to the rebar and to the concrete. A formulation is developed, where only
the DOFs (degrees of freedom) of the parent element do appear. Hence, perfect bond is
obtained by default. [Balakrishnan/Murray (1986) and Elwi/Hrudey (1989)] introduced
optional slip DOFs along the rebar in the same paper. Thus, the restriction of perfect
bond can be relaxed. However, the embedded approach allowing slip seems not to be
regarded in recent literature reviews any more [Hofstetter/Mang (1995), Darwin
(1991)]. Here, the embedded approach without slip is explained in detail in section 2.1.
The embedded approach with a slip DOF is derived in a differently from
[Balakrishnan/Murray (1986) and Elwi/Hrudey (1989)] in section 2.2.
Ø

Constitutive Model for the Composite Material on the Macro Level
This method is appealing, if the reinforcement can be assumed to be distributed
uniformly over the element. (e.g. for fiber reinforced materials). Here the constitutive
relation is modified instead of accounting for the reinforcement separately.
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2.1 Embedded Formulation of the Reinforcement with
Perfect Bond
(“Classical Embedded Formulation”)
Legend:
Node of parent element
(DOF, appears in the vector of nodal element displacements)
Rebar point
(does not appear in the vector of nodal element displacements)
Integration point for the parent element
(local coordinates of the Gauss points are known)
Integration point for the rebar
(local coordinates and rebar orientation have to be determined)

Fig. 2-2 Embedded reinforcement bar

First approaches concerning an embedded representation of rebars were presented by
[Phillips/Zienkiewicz (1975)], but the orientation of the rebar within the parent element
had some restrictions. The embedded approach has been refined and derived in different
ways by several authors [Elwi/Murray (1980), Balakrishnan/Murray (1986), Hofstetter
(1987), Roca/Mari (1993b), Cheng/Fan (1993)]. A general approach for two dimensional
(2D) parent elements was presented by [Elwi/Hrudey (1989)] in very detail. The
application of this approach to three dimensional (3D) parent elements is straightforward
and employed in this work.
One-dimensional rebars are embedded into the parent elements, which can be two or threedimensional. Perfect bond between concrete and rebars is assumed. Hence, the rebar nodes
can be generated independently of the element nodes within the respective element. The
obtained strain field from the computation applies to the parent elements and to the rebar
elements. The stiffness of the rebars is superimposed on the parent element stiffness as
shown in Eq. 2-1. The same strain displacement relation, given by matrix B, is employed
for the parent element and for the rebars. The rebar stiffness is available along the rebar
only. Thus, the integration must be performed along the rebar path.
Ke =

ò

parent ( concrete )

Helmut Hartl
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B ep D p B ep × dV +

ò

T

B ep TeT, gl Dr Te , gl B ep × dV
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Eq. 2-1

2 Reinforcement
Note:
Ø The rebar nodes introduce no degrees of freedom to the vector of nodal parent
element displacements. Hence, the size of the global stiffness matrix is not
increased by the reinforcement.
Ø There is no direct link of the reinforcement to the parent element nodes. Hence,
the constituent of the rebars to the element stiffness matrix is singular in the
general case. Therefore, a certain parent element stiffness is always necessary in
order to transfer loads from the nodes of the parent element to the
reinforcement.
2.1.1 Rebar Integration Points within Local Coordinates of the Parent
Element
A rebar is known from the starting point along its path to the end point in global
coordinates. In order to account for the stiffness within a single element, the portion within
each element, i.e., the intercept points with the element faces are needed. These intercept
points are computed by a preprocessing routine (REDIS), which is presented in section 2.3.
Here we assume to know already the portion of the rebar within the element as presented in
Fig. 2-3. By employing one dimensional (1D) shape functions for the rebar, the integration
points are known a priori in the intrinsic coordinates of the rebar, (e.g.: x = ± 1 / 3 for two
Gauss points). The global coordinates of these integration points can be computed
straightforward

x = N er , g (x ) × xer , g

Eq. 2-2

In order to integrate the stiffness contribution of the rebars according to Eq. 2-1 to the
element stiffness matrix, the strain displacement matrix of the parent element B has to be
evaluated at the respective integration points of the rebar. Hence, these integration points
must be known in intrinsic coordinates of the parent element since N (and respectively B)
is a function of the intrinsic coordinates (x,h,z ). The usual way of mapping local
coordinates to global coordinates is shown in Eq. 2-3. For points, which are known in
global coordinates, an inverse relationship of Eq. 2-3 is required for finding the
corresponding intrinsic coordinates within the parent element.

x = N ep(x ,h ,z ) × xep

Helmut Hartl
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h

h
x

y

Eq. 2-3
x

GPg
GPl
x

inverse of Eq. 2-3

Fig. 2-3 Mapping between intrinsic (x,h) and global (x,y) configuration

The inversion of Eq. 2-3 needs to be done numerically. [Elwi/Hrudey (1989)] presented
two equally successful methods, an integration method (e.g. Runge-Kutta) and an iterative
method. The iterative method is employed in this work. It is based on the robust Newton
root finding method. For the one-dimensional case the method is known as
xn +1 = xn -

f( xn )

Eq. 2-4

f(¢xn )
f(x)

x
Fig. 2-4 Newton’s root finding method for the one-dimensional case

Newton’s method can be extended to the n-dimensional case. Here, two unknowns are
involved in the 2D case and three unknowns are involved in the 3D case. The terms of Eq.
2-4 become

xn +1 = ξ p , n +1 ; xn +1 = ξ p ,n ; f ( xn ) = x p - x p , n ; f (¢xn ) = J Tp , n

Eq. 2-5

where ξ is the vector of the intrinsic coordinates, xp is the given point in global
coordinates, and xp,n is the same point computed by the shape functions with the guess ξ p , n
for the intrinsic coordinates. J Tp ,n is the transposed Jacobian matrix. The Jacobian matrix is
given in Eq. 9-17.
The iterative equation for the intrinsic coordinates can be written as
-1

(

ξ p ,n +1 = ξ p ,n + J Tn × x p - x p , n

)

Eq. 2-6

A quadratically rate of convergence is obtained but convergence is not guaranteed.
However, no difficulty has been encountered with regard to convergence. It is expected
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that as long as one follows accepted guidelines regarding distortion of the parent element,
the Jacobian matrix will be well conditioned.
2.1.2 Orientation of the Rebar at the Integration Points
The rebar stiffness is available along the tangential direction of the rebar path. Thus, we
have to determine the rebar orientation. The global orientation of a line segment can be
defined by the directional cosines

[l1

m1

é ¶x
n1 ] = ê
ë ¶s

¶y
¶s

¶z ù æ ¶x ö
=ç ÷
¶s úû è ¶s ø

T

Eq. 2-7

These differential quotients have to be evaluated by implicit differentiation since the shape
functions of the rebar are not available with respect to the arc length s, it is available with
respect to x.
e
¶x ¶N r , g e
xr , g
=
¶x
¶x

Eq. 2-8

The Pythagorean equation gives
¶s
¶x ¶x
g = Jr
=
¶x
¶x ¶x

Eq. 2-9

and we obtain

¶x
¶x ¶x ¶x ¶x
=
=
×
¶s ¶s ¶x ¶s
¶x

Eq. 2-10

In further computational steps we do not only need the direction of the rebar axis, but also
a set of vectors describing a local coordinate system. In the 2D case, the second axis can be
obtained by permutation. The obvious solution for the 3D case would be to employ the
trihedron. However, in most cases the rebar axis is straight and in such a case the binormal
vector is undefined. Thus, an arbitrary vector, preferably aligned with one of the global
axes but not parallel with the rebar axis is chosen as a first step. The normalized cross
product is the second vector of the local axes, and the cross product of this vector with the
rebar axis is the third direction and a full directional cosine matrix is obtained.
2.1.3 Stiffness of the Reinforced Element
The first term (concrete constituent) of Eq. 2-1 can be found in any finite element
textbook. Here we concentrate on the second term (rebar constituent) only. It will be
derived step by step.
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The virtual work is given by
d Wint = ò d εT × σ × dV

Eq. 2-11

and the virtual strains are expressed as
d ε = Be × d ue

Eq. 2-12

In the general case, the stresses σ and strains ε are coupled by a nonlinear relation. This
relation needs to be linearized [Hofstetter/Mang (1995)] and the incremental stresses are
Dσ = D × D ε = D × B e × D u T

Eq. 2-13

where D is the tangent material matrix.
Considering Eq. 2-11 an increment of the virtual work can be computed by

(

)

T

Dd Wint = ò B e × d u e

× D × B e × Du e × dV

Eq. 2-14

If the constitutive material matrix D is only known for a certain set of axis, the strain need
to be projected from the global set of axes to the respective local set of axes
εxhz = Te , gl × ε xyz

Eq. 2-15

The virtual work can be written as

(

)

T

Dd Wint = ò B e × d u × D global × Be × Du × dV =
3
1
424
3 144244
V
d ε global

(

(

Dσ global

))

T

(

(

))

Dd Wint = ò Te , gl × Be × d u × Dlocal × Te , gl × Be × Du × dV
3 1444
424444
3
V 144244

Eq. 2-16

Dσ local

d εlocal

If we re-arrange the matrices, we get
Dd Wint = ò d uT × B eT × TeT, gl × Dlocal × Te , gl × B e × Du × dV
14444244443
V

Eq. 2-17

Ke

Eq. 2-17 verifies the second term of Eq. 2-1, which the contribution of the rebar to the
element stiffness matrix.
Computation of the element stiffness, given by Eq. 2-1 requires integration. The integrand
is computed at sample points in the intrinsic coordinate system. The results are multiplied
by factors known as weights W. The mapping to the global system is performed by means
of the Jacobian determinant J. The product J·W is the geometric volume associated with
the respective integration point.
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The volume associated with a rebar integration point is the cross sectional area Ar of the
rebar times the length associated with this integration point. The cross sectional area is an
input parameter. In order to find the associated length, one-dimensional shape functions are
employed along the rebar. The length is the product of the Jacobian determinant evaluated
at the integration point j times the weight associated to the rebar-integration-point.

l j = J r , j ×W j

Eq. 2-18

Thus, the stiffness matrix can be computed as
GPp

RB

GPr

i =1

j =1

K e = å B ep × D p × B ep × J p × Wn + å Ar × å B ep × TeT, gl × Dr × Te , gl × B ep × l j
n =1

T

T

Eq. 2-19

2.1.4 Numerical Aspects of the Rebar Contribution to the Element
Stiffness
Nonlinear problems do not require an exact global stiffness matrix if theses stress
increments, which violate the constitutive relations, are integrated as residual nodal forces
and get reapplied on the domain. If the residual forces are small, the rate of convergence
will be greater. In the case of BEFE-Concrete, which is an add-on module to [BEFE
(2001)] an initial stiffness approach is employed. (The stiffness matrix is never updated
throughout the analysis.) Therefore, the rate of convergence can be improved in some
situations when only a certain portion of the rebar contribution to the element stiffness
matrix is taken into account.

Rebar Accounted for at the Stiffness Level (left-hand-side approach)
Eq. 2-1 is employed for integrating the concrete stiffness and the rebar stiffness. The
stiffness is correct as long as both materials behave linear. After the concrete has started to
crack, the stiffness of the tensile region is over-predicted and must be corrected iteratively.

Rebar at the Material Level (right-hand-side approach)
In this case, the stiffness of the rebar does not appear in the stiffness matrix of the element.
Thus, the force acting from straining the rebar has to be added at the material level (as
negative residual force). After the concrete starts to crack, a second contribution to the
residual forces arises from the cracked concrete. In some situations these two contributions
may have the trend to balance out and a faster convergence may be obtained.

Conclusion
When the concrete remains uncracked and no major slip is expected to arise, it is
recommended to account for the reinforcement at the left-hand-side (in the stiffness
matrix). If the concrete cracks, it might have advantages to account for the rebars in the
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tensile regions up to a certain extent on the right-hand-side. If major slip (unbonded
tendons without modeling the slip analog to section 2.2) arises, convergence may be faster
if the rebar is accounted for at the right-hand-side. Since, in general, mixed problems will
arise, no firm recommendations can be given here and it is up to the user to find out a way
for which a fast convergence can be obtained. However, after sufficient iteration steps the
results should be always the same. An appealing way from the theoretical view is to model
the slip analogous to section 2.2 and to work consistently with the tangential stiffness
matrix. However, the time for assembling and solving the stiffness matrix for every
iteration step is also computationally expensive.
The user can control by a left-hand-factor to which extent the rebar appears in the stiffness
matrix. The factor can vary continuously between 1.0 (100% on the left side, 0% on the
right side) and 0.0 (0% on the left side, 100% on the right side).
Numerical Implementation of the Left-Hand-Factor
On the left side (stiffness matrix) the rebar stiffness is multiplied by the left-hand-factor.
Eq. 2-19 is modified such that
GPp

K = åB
e

eT
p

×Dp ×B

n =1

eT
p

RB

GPr

i =1

j =1

× J × Wn + å lhf × Ar × å B ep × TeT, gl × Dr × Te , gl × B ep × l j ,
T

Eq. 2-20

0 £ lhf £ 1

where:

On the constitutive level initial residual forces are computed in consequence of the lefthand-factor as first step.

Re =

B eTp × (1 - lhf ) × Ts ,lg × Dr × Te ,g l × Dε g × dV
14442444
3
rebar

ò

Eq. 2-21

σr ,g

In other form Eq. 2-21 can be written as
RB

GPr

i =1

j =1

R e = å (1 - lhf ) × Ar × å B ep × σ r , g × l j
T

Eq. 2-22

An elastic rebar is assumed when the initially residual forces are computed by means of
Eq. 2-21. Additional residual forces, which may arise in consequence of nonlinear effects
in the element, are added to these initial residual forces in a conventional way.
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2.2 Embedded Formulation of the Reinforcement
Allowing Slip
Legend:
Node of parent element
(DOF, appears in the vector of nodal element displacements)
Rebar node point
(DOF, appears in the vector of nodal element displacements)
Integration point of the parent element
(local coordinates of the Gauss points are known)
Integration point for the rebar
(local coordinates rebar orientation have to be determined)
Fig. 2-5 Embedded reinforcement allowing slip

This form of the embedded approach allows the rebar to slip along the rebar axis. Thus, we
have to address two different displacements at each rebar point. One is the parent element
displacement at a rebar point. The second is the displacement of the rebar at the same
point. Although there is not necessarily a real duct present, in the following derivations the
parent element displacement at the rebar point is referred as duct displacement in order to
use simple and clear names.
The duct displacement (parent element displacement at the rebar points) can be
interpolated from the displacement vector of the parent element nodes utilizing shape
functions;

u duct , g = N ep × u ep

Eq. 2-23

The reference system for these displacements can be rotated along the rebar axis.
According to section 0 and Eq. 9-39 the displacement is now
u duct ,l = T × u duct , g

Eq. 2-24

Considering, that here only the displacement along the rebar axis is of concern, the product
of the first row of T in Eq. 2-24 times the displacement needs to be computed only.
uduct = [l1

m1

n1 ] × u duct , g

Eq. 2-25

The displacement of the rebar at any point along the duct is the duct displacement and the
slip
ur = uduct + uslip
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The slip with respect to global axes is

u slip , g

ìuslip ü
ï ï
= T ×í 0 ý
ï 0 ï
î þ
-1

Eq. 2-27

Considering that the transformation matrix T is an orthogonal matrix (see section 9.5), and
that the second and third component of the local slip vector are of unconcern, we can write
u slip , g

é l1 ù
= êê m1 úú × uslip
êë n1 úû

Eq. 2-28

The rebar displacement with respect to global coordinates is obtained by means of Eq. 2-23
and Eq. 2-28
ur ,g

é l1 ù
= N × u + êê m1 úú × uslip
êë n1 úû
e
p

e
p

Eq. 2-29

Thus, we can write the expression for the incremental virtual work and derive the stiffness
term from this expression. Considering Eq. 2-11 to Eq. 2-14 the incremental virtual work is
given for a rebar in the global coordinate system in matrix-notation as
eT
e
e
Dd W = ò d ueT
r , g × B r , g × Er × B r , g × Du r , g × dV
V

Eq. 2-30

The strain displacement matrix Ber , g for a parabolic 1D-truss element in 3D space is given
in Eq. 9-4. The incremental displacement of the rebar nodes with respect to the global
coordinate system d u er , g is given by Eq. 2-27. However, these displacements should be
expressed as a function of the nodal displacements of the parent element and in terms of
slip displacements. We start at Eq. 2-29 and write it in a form such that
u er , g = H × u ep + r

Eq. 2-31

The explicit form of Eq. 2-31 is shown in Eq. 2-32 for a 20-node 3D element with an
embedded 3-node rebar element as
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u er , g

ì u x ,r1 ü é N1( r1)
ïu ï ê 0
ï y , r1 ï ê
ï u z , r1 ï ê 0
ï
ï ê
ïu x ,r 2 ï ê N1( r 2)
ï
ï
= íu y ,r 2 ý = ê 0
ïu ï ê 0
ï z ,r 2 ï ê
ïu x ,r 3 ï ê N1( r 3)
ïu ï ê 0
ï y ,r 3 ï ê
ïu z ,r 3 þ
ï ëêê 0
î

... N 20( r1)
...
0
...

0
N1( r1)

0

0

... N 20( r 2)
...
0
...

...

0

0
...
0
N1( r 2) ... N 20( r 2)

0

0

... N 20( r 3)
...
0
...

...
0
... N 20( r1)

...

0
N1( r 3)

0

0

0

...
0
... N 20( r 3)
...

0

0
0
N1( r1)
0
0

...
...

0
0

... N 20( r1)
...
...

0
0

N1( r 2) ... N 20( r 2)
0
0
N1( r 3)

...
...

0
0

... N 20( r 3)

l1( r1)
m1( r1)

0
0

n1( r1)

0

0
0

l1( r 2)
m1( r 2)

0

n1( r 2)

0
0

0
0

0

0

ì u x ,1 ü
ï M ï
ï
0 ù ï
ï ux ,20 ï
ú
0 ú ï
ï
u y ,1 ï
0 ú ï
ú ï M ï
0 ú ï
ï
ï u y ,20 ï
0 ú×í
ý
ú uz ,1 ï
0 ú ï
ï M ï
l1( r 3) ú ï
ï
ú ï u z ,20 ï
m1( r 3) ú
ï uslip ,1 ï
ï
n1( r 3) úúû ï
ïuslip ,2 ï
ïu
ï
ï
î slip ,3 ï
þ

Eq. 2-32

Employing Eq. 2-31, the virtual work given in Eq. 2-30 can be written again as
T
eT
e
eT
Dd W = ò d u eT
p + r × H × B r , g × Er × B r , g × H × DV × du p + r
V
14444244443

Eq. 2-33

= K er

The stiffness matrix size is increased from 60·60 for a 3D 20-node element to 63·63 if one
rebar subjected to slip gets embedded as shown in Eq. 2-34. The constituents of the
stiffness matrix K are

K epp

[60,60] stiffness matrix for the parent element

K err , pb

[60,60] stiffness matrix for the rebar assuming perfect bond

K err , s

[3,3] stiffness matrix for the slip of the rebar along the duct

= K er

K ep ,r K er , p [60,3 ; 3,60] coupling terms between rebar and concrete
K ejj
é
ê
ê
ê
Ke = ê
ê
ê
ê
ëê

[3,3] stiffness matrix for the rebar-concrete interface (joint element)

K epp

+

K er , p

K err , pb

ù
ú
ú
K ep ,r ú
ú
ú
ú
ú
K err , s + K ejj ûú

Eq. 2-34

All stiffness terms, except the stiffness matrix for the rebar-concrete interface K ejj , are
developed in detail in the previous sections. Various derivations for interface matrices are
available. Here, we start in accordance to [Beer (1985), Beer/Watson (1992)] and adapt
(reduce) the expressions to the present situation where the slip in the interface is already an
explicit degree of freedom in the vector of the nodal element displacements.
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The incremental virtual work in the interface is

Dd Wint = ò d uslip × Dt × dS

Eq. 2-35

S

The surface of the interface is S. The incremental interface stress Dt is computed by the
interface modulus k times the incremental slip Duslip.
Dt = k × Duslip

Eq. 2-36

The incremental slip Duslip can be computed from the slip in the rebar node points by

Duslip = N er ,l × Du eslip

Eq. 2-37

Now, the virtual work can be written as
T

Dd Wint = ò d u eslip × N er ,l × k × N er ,l × dS × Du eslip
S
1442443

Eq. 2-38

= K ejj

The stiffness matrix for the interface (joint element) K ejj is yet developed. For the modulus

k of the interface, reference is made to chapter 3 in this document.
It is straightforward to develop the stiffness matrix for more than one embedded rebar
subjected to slip, as shown below.
é
ê
ê
ê
ê
Ke = ê
ê
ê
ê
ê
êë

K e pp

+

K e rr 2, pb

+

K e rr1, pb

K e p , r1

K e r1, p

K e rr1, s + K e jj1

K e r 2, p

0

ù
ú
ú
ú
K p ,r 2
ú
ú
ú
ú
0
ú
K e rr 2, s + K e jj 2 úúû

Eq. 2-39

The formulation developed can account for any kind of slip along the axis of the
reinforcement. The increase of the global stiffness matrix is reasonable. The only
alternative, which is also able to account for slip directly on the left side, is the discrete
approach, where every rebar (and interface) needs to be connected to a parent element
node. Considering chapter 9 all equations can be expanded to the explicit form for the 3D
case. A reduction to the 2D case is straightforward.

Helmut Hartl

19

2 Reinforcement

2.3 Discretization of the Reinforcement to the Mesh
Each rebar is known from the starting point along the path to the end-point in global
coordinates from detailing the reinforcement. For the FE-analysis, the portion within each
element needs to be known. This discretization process can be done automatically, where a
preprocessing routine detects the intersection of the element faces with the reinforcement.
[Hofstetter (1987)] has shown a way to discretize curved tendons to triangular shell
elements. [Barzegar/Maddipudi (1994)] have shown a different way to find intersection
points of straight rebars with 3D elements. Both methods are appealing but limited to
intersections with plane element faces. Even for a 3D solid element with linear shape
functions an element face may become a hyperbolic paraboloid. If higher order shape
functions are employed for the rebar and/or the parent element, the resulting higher-order
intersections may become very involved.
A different way which is shown in Fig. 2-6 is employed in this program for finding the
intercept points. It is done within the intrinsic coordinates of the parent element. Within
this local configuration, the coordinates of the parent element are known (±1/±1/±1 for the
3D case and ±1/±1 for the 2D case). As a first step, the rebar is described in terms of global
coordinates by standard interpolation functions. The coordinates of the rebar within the
intrinsic coordinate system of the parent element can be obtained by employing this
iterative procedure for the inverse mapping (global to local) which was already presented
by Eq. 2-3 - Eq. 2-6. A point of the rebars is situated within the respective element or at the
element boundary as long as Eq. 2-40 holds.
max(abs (x ,h , z )) £ 1
h

1

h

x

2
y

2

3
4
3

max(abs(x,h,z))

1

Eq. 2-40

1

2

3 4

xrebar

4

a) Global configuration

b) Local configuration

c) Function given by Eq. 2-40

Fig. 2-6 Intersection points of the reinforcement with the element faces

A generic plot of the function given by Eq. 2-40 is shown in Fig. 2-6c. It can be seen that
this function is only piecewise continuous (C1 discontinuous). Finding all the roots
analytically might become a mathematical challenge. Thus, the rebar is traced
incrementally.
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Finding the Parent Element

When a new rebar needs to be discretized to the elements, the previous procedure will be
performed first for those elements whose element center are close to the starting element.
The end of a rebar portion within an element is defined by the fact that Eq. 2-40 does not
hold any more. Then the next element containing the rebar has to be determined. For the
situation shown in Fig. 2-7a, Eq. 2-40 will hold only for the old and for one new element at
the interception point. The solution will not be unique for a situation similar to Fig. 2-7b,
here Eq. 2-40 holds for more than one new element. A special treatment is needed as well
for a case when Eq. 2-40 holds for two elements along a certain rebar portion (Fig. 2-7c).
1

2

1

2

1

2

3

4

3

4

3

4

a)

b)

c)

Fig. 2-7 Rebar within the parent elements (2D illustration)

An efficient and simple remedy is to extend the limits for Eq. 2-40 by a small number,
such that
max(abs (x ,h ,z )) £ 1 + e

and e « 1

Eq. 2-41

We can illustrate Eq. 2-41 below in Fig. 2-8. The starting point of the rebar is located in
element 3. At the intercept point of the rebar with the element boundary of element 3, Eq.
2-40 holds for all four anticipated elements (1, 2, 3, 4). Thus, there is no unique solution
about an element containing the next portion of the rebar. If we apply Eq. 2-41 now, no
new element needs to be considered since Eq. 2-41 still holds for element 3 and we can
proceed by a small increment along the rebar path. As soon as Eq. 2-41 does not hold any
more, the element containing the next rebar portion has to be determined by employing Eq.
2-40. Now the solution will be unique and the exact intercept point can be computed
between the newly determined element and the previous element only.
T

1

2

3

4

O

Fig. 2-8 Illustration of the extended element boundary according to Eq. 2-41
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2.4 Stress Recovery
2.4.1 Stress Recovery for the Reinforcement

The strain increments at any point of the parent element can be computed with respect to
the global axes by

Dε g = Bep × Du ep

Eq. 2-42

where Bep (Eq. 9-3) is the strain displacement matrix of the parent element evaluated at the
point of interest and Du ep (Eq. 9-26) is an increment of the displacement vector of the
parent element nodes. Since we are interested in the strains along the rebar axis, we have to
rotate the strains into the local set of axes for the rebar by
Dε l = Te , gl × Dε g

Eq. 2-43

The incremental rebar stress can be computed in a linear analysis by multiplying the first
component of the pseudo-strain-vector with Young’s modulus of the rebar

Ds r = Es × [ Dεl ] 1

Eq. 2-44

The incremental rebar stress is now added to the stress in the rebar, which was obtained in
the previous iteration step
s r ,n = s r ,n -1 + Ds r

Eq. 2-45

In a nonlinear analysis this stress will be compared to the constitutive relation for the rebar.
2.4.2 Constitutive Model for the Reinforcement

A simple constitutive relation for the reinforcement is employed in BEFE-Concrete. It is
linear-elastic before the yield stress is reached and perfectly plastic thereafter. It is assumed
that the same yield limit applies for tension and compression. Because of the initial
stiffness approach, which will be discussed in section 5.4.4, this perfectly plastic branch
does not cause convergence problems. However, material hardening can be implemented
in a straightforward manner. It should be noted that the current model is not on the safe
side if reverse loading is involved for a steel reinforcement, which has experienced plastic
strains since steel exhibits a kinematic hardening behavior (Bauschinger effect).
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fy

E
E

fy
Fig. 2-9 Constitutive relation for the reinforcing steel.

If the limit stress is exceeded ( s r < f y , where fy is always a positive number), the excess
stress is
IF( s r

> 0 )THEN s r ,ex = s r - f y

IF( s r

< 0 )THEN s r ,ex = s r + f y

Eq. 2-46

The excess stress is now rotated to the global axes by

σ r , g ,ex = TeT,lg × σ r ,l ,ex

and

σTr,l ,ex = éës r ,ex

0 ... 0 ùû

Eq. 2-47

and the residual forces can be integrated along the rebar path (See Eq. 2-18 for lj)
R ep = Ar × ò B eT
p × σ r , g ,ex × dl

Eq. 2-48

2.4.3 Contact Stress Perpendicular to the Rebar Axis

This section provides an explanation why the stress recovery of the contact stresses
perpendicular to the rebar axis is poor. This may affect the prediction of the structural
performance only if interface models between rebar and concrete are employed which
depend on this regarding stress component (e.g. the Mohr-Coulomb model). Remedies for
this problem are provided at individual examples throughout the work.
Sect. 6.2 shows an example where the contact stresses acting on the concrete cover have
caused a full disrupture of the concrete cover of the reinforcement of a tunnel lining. Here
the reasons why this disrupture cannot be accounted for explicitly are explained.

Fig. 2-10 Illustration of interface stresses perpendicular to the rebar
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The stress at the interface can be decomposed in two stress components.
Ø interface stresses along the rebar (discussed in chapter 3 and chapter 4)
Ø Interface stresses perpendicular to the rebar axis (discussed in this section)
An interface situation as illustrated in Fig. 2-10 can be modeled only with a very fine
mesh, where the rebar itself is modeled with the same element types as the parent concrete.
Then, the opening of the rebar-concrete interface in case of tensile interface stresses can be
modeled by interface elements.
The embedded approach cannot account for local discontinuities in the transverse
direction. The embedded approach is limited to global effects since a smooth displacement
field is interpolated from the deformations of the parent element nodes. Openings at the
tensile interface plane and other discontinuities resulting from the stiff rebar cannot be
accounted for and are neglected. Thus, the obtained stresses perpendicular to the rebar axis
are not representative if a discontinuous effect as, e.g., considered in the following, is
present.
All figures are based on an analyses using a Young’s modulus of 30000 MN/m² and
n = 0.20 for concrete. For steel a Young’s modulus of 200000 MN/m² was taken.

Transverse Compression Acting from the Parent Domain on the Rebar
The rebar is stiffer than the surrounding concrete. Hence, the compressive stress is
transferred through the rebar and the concrete stresses next to the rebar decrease
significantly as illustrated below in Fig. 2-11.

Fig. 2-11 Transfer of compressive stresses (s = 1.00 MN/m²) around a rebar

Transverse Tension Acting from the Parent Domain on the Rebar
The rebar-concrete interface is vulnerable to tensile stresses. The interface will open
(crack) at low tensile stresses and no tensile stresses can be transferred through the rebar
any more. The tensile stresses need to be transferred in the nearby concrete (Fig. 2-12).
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Fig. 2-12 Transfer of tensile stresses (s = 1.00 MN/m²) around a rebar

Turn-Around Stress (Stress Acting from the Rebar on the Concrete)
Turn-around stresses are the consequence of tensile stresses in curved rebars or tendons.
These stresses act as compressive stresses at the compressive side of the rebar concrete
interface. On the backside, no tensile stresses will be transferred since this interface will
open as shown in Fig. 2-13.

Fig. 2-13 Transfer of turn-around stresses (srt = 1.00 MN/m²) to concrete

Stresses caused by creep and shrinkage
Steel reinforcement acts as a stiff barrier when concrete starts to shrink. Stresses are
reduced to a certain extent by creep. Fig. 2-14 shows such stresses for a normal strength
concrete after seventy years. In this special case concrete cracking was not allowed,
otherwise the result would become dependent on the rebar diameter.

Fig. 2-14 Stresses caused by creep and shrinkage after seventy years
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2.5 Verification of the Implementation
2.5.1 Example 1: Simple Truss in a Distorted Parent Domain

The potential of the embedded approach can be tested by a simple example as shown in
Fig. 2-15. The parent domain consists of four elements, each with a quadratic base and a
diamond-shaped top. In the example shown on the left side the rebars start at the center of
the top surface and go straight to two opposite middle-points of the bottom edges. These
two rebars are connected with a third horizontal one at the basis. In the example shown at
the right side, the rebars go from the center on the top to two opposite corner nodes at the
basis, where they are connected in the same manner.
Because of the distorted parent elements, the rebars are curved in the intrinsic
configuration. All transformation matrices introduced in this chapter are involved and the
full potential can be tested. The analytical solution for the rebar forces can be obtained by a
simple truss analysis since the parent material has nearly no stiffness.
The employed material properties are:
Parent material:

linear elastic E =

0.10 MPa

Rebar material:

linear elastic E = 200000 MPa

n = 0.20 (dummy material)

Ar = 0.10 m²

The results given in the table at the bottom of Fig. 2-15 show that the analytical solution is
practically attained by the numerical analysis when three integration points are employed
along the rebar. The insignificant deviation may result from the low stiffness the parent
elements still have. Round-off errors may be involved as well. However, the reduced
integration (2 Gauss points) shows a considerable scatter in this specific case. This specific
situation is modeled better if three integration points are employed. In a global analysis
such effects may be canceled out by other errors which get involved (compare sect. 5.6).
However, the user is advised to compare the results obtained by a reduced integration with
results obtained by a full integration, since such effects need not necessarily to cancel out.
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P=1

0.25

P=1

1.00

0.25

P

P

S1 = 0.707

S1 = 0.866

S2 = 0.500 P = 1.000

truss analytical
forces
S1

-0.707

S2

0.500

S2 = 0.707

truss analytical
forces

2GP

3GP

-0.709
¸
-0.728
0.477
¸
0.728

-0.707
¸
-0.708

S1

-0.866

0.500

S2

0.707

2GP

3GP

-0.675
¸
-0.804
0.508
¸
0.590

-0.865
¸
-0.867
0.705
¸
0.708

Fig. 2-15 Verification example for the embedded approach

Helmut Hartl

27

P = 1.000

2 Reinforcement
2.5.2 Example 2: Single Span Beam with one Rebar

A simple single span beam is shown in Fig. 2-16. It is modeled with 48 three-dimensional
elements using parabolic shape functions. Both concrete and steel are assumed to behave
linearly elastic in order to concentrate solely on the embedded rebar.
40cm
5ø30mm

5cm
20cm
600cm
M = 0.10MNm

M = 0.10MNm

Concrete
Steel
Ec = 30000 MN/m²
Es = 200000 MN/m²
n = 0.20
linear elastic
a) linear elastic
b) linear elastic / no-tension
Fig. 2-16 System of the simple single span beam

Case a) Perfectly Elastic Parent Material
The beam was analyzed employing reduced integration (2 Gauss points). Fig. 2-17 shows
that the numerical results coincide exactly with the analytical solution in this simple case.
y-coord

0,20

0,10

2GP
analytical

stress [MPa]
0,00
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-0,10

-0,20

Fig. 2-17 Numerical and analytical stress distribution for perfectly elastic parent material

Case b) Elastic / No-Tension Parent Material
As a variation the parent material was assumed as “elastic / no-tension continuum”. Thus,
it is linearly elastic for compressive stresses. No tensile stresses are allowed. The two
elements on the head and on the bottom end are assumed to behave linearly elastic in order
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to enable a clear load transfer to the beam. Again, the numerical results agree with the
analytical solution as shown in Fig. 2-18.
y-coord [m]
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Fig. 2-18 Numerical and analytical stress distribution for “elastic / no-tension” parent material
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Rebar-Concrete
Interface
Forces are transferred between the reinforcement and concrete by bond. Hence, standard
design codes require a certain anchorage length before the rebar can be taken into account
structurally. For the segment of the rebar between these anchorage zones perfect bond may
be assumed according to design codes. However, in certain regions of a member, no
anchorage zone can be provided and bond may become a crucial question in the analysis.
Examples are notched supports, corbels, short supports, etc.
In the case of unbonded tendons there is obviously no bond strength. The tendons are fixed
at the anchors after prestressing. They slide nearly without any resistance between the
anchors along the entire duct. Only minor friction is present.
Within the finite element method, slip problems can be modeled in a conventional way by
means of interface elements. Early work in this area was done by [Ngo/Scordelis (1967),
Schäfer (1975), Keuser/Mehlhorn (1987)]. The rebars are modeled as truss elements,
which are connected to the nodes of the concrete elements via interface elements. Today,
many finite element programs offer the required element types in their element library
(standard parent, interface and truss). However, designing the mesh layout with explicit
rebars is cumbersome for the user and difficult for automation. Yet, no model for bond slip
within the embedded approach appeared to be available in literature reviews
[Hofstetter/Mang (1995), Darwin (1991)]. Recommendations are given to account
implicitly for bond problems by modifying the constitutive law either for concrete or for
the rebar.
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An appealing way to account for slip of embedded rebars at the global level is presented in
section 2.2, where slip degrees of freedom are added to vector of nodal displacements of
the parent element.
In this chapter a brief introduction concerning the constitutive behavior of the rebarconcrete interface is given first. Then, three different ways of modeling bond in the context
of the developed FE-program will be presented. The first model accounts for perfect bond.
Although it is the simplest one, it will be appropriate for most rebars in the domain. The
second model accounts for anchorage loss at the ends of the rebars, by reducing the yield
limit at the rebar-ends. The third model is able to account for bond slip along the entire
rebar. This is done in a supplementary manner, at the material level, after the
displacements of the global nodes are computed. Then, this so-called “Supplementary
Interface Model” is compared to the “Embedded Approach Allowing Slip” and differences
will be discussed. At the end of this chapter the anchorage lengths obtained by design
codes are compared to transfer lengths obtained by models, which employ advanced bondstress bond-slip relations.

3.1 Behavior of the Rebar-Concrete Interface
To outline bond behavior two important aspects have to be considered, i.e., the force
transfer mechanism between reinforcement and surrounding concrete (Fig. 3-1a) and the
capacity of concrete to resist these forces (Fig. 3-1b). Depending on the confinement one
of these two mechanisms is responsible for bond failure. For a comprehensive review
about bond behavior reference is made to [fib1, fib10, Eligehausen et al. (1983),
Pochanart/Harmon (1989)].

Fig. 3-1 a) Pull out bond failure

b) Splitting bond failure

Many available models for bond account for both types within one model by adopting the
model parameters. The generic form of these models is illustrated in Fig. 3-2.
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Fig. 3-2 Bond stress-slip relation for monotonic loading

The beginning of the first ascending branch refers to adhesion and to the stage in which the
ribs of the rebar penetrate into the mortar matrix. It is characterized by local crushing and
micro cracking. The bond stress t in this ascending branch can be computed according to
[MC90] by
a

æsö
t = t max çç ÷÷
è s1 ø

for

0 £ s £ s1

Eq. 3-1

The curvature of the ascending branch is described by the parameter a. The variation of the
curvature because of a change of a is shown in Fig. 3-3.
1
max·1.0
ttmax

a = 0.1
a = 0.4
a = 0.5
a = 0.7

t( slip ) 0.5
0.5

a = 1.0

0.00
0
0.0

0.2
0.2

0.4
0.4

0.6
0.6

0.8
0.8

slip
1 1
1.0·s

slip

Fig. 3-3 Curvature of the ascending branch dependent on a

The tangent modulus of the interface stiffness kt in the ascending branch is the first
derivative of Eq. 3-1
kt =

t max
× a × sa -1
a
s1
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A closer inspection of this equation shows that the initial tangent modulus is infinite,
(unless a is equal 1.0). Hence, the initial tangent modulus needs to be replaced by a secant
modulus in the numerical analysis.
The plateau of the bond strength between s1 and s2 (Fig. 3-2) applies only for confined
concrete. The decreasing branch from s2 to s3 refers to the reduction of the bond resistance
because of splitting cracks along the rebar for unconfined concrete. If confined conditions
apply, the concrete keys will be crushed and become shorter as shown in Fig. 3-4. The
bond resistance will decrease as well, but s3 is the clear rib spacing in this case.

Fig. 3-4 Reducing bond strength because of crushing concrete keys

In Fig. 3-2 the horizontal branch to the right of s3 represents the residual bond capacity. In
confined situations, this residual strength is maintained by pure friction of the rebar in
concrete after the concrete was crushed completely. In unconfined situations, a minimum
resistance is available after splitting failure because of the effect of the transverse
reinforcement.
Bond-failure mechanisms are very different for a rebar embedded in confined concrete in
contrast to a rebar embedded in unconfined concrete. Nevertheless, the same generic model
is employed for both mechanisms, but the difference in magnitude of the model parameters
is significant, as will be seen at the end of this chapter. In practice, there can be always
numerous cases, which are between these two limiting cases. However, most cases can be
described well by distinguishing only between the
Ø

type of reinforcement
- ordinary: ribbed reinforcing steel; smooth cold drawn wire; smooth hot rolled bars
- post-tensioned: ribbed prestressing steel; strands; smooth prestressing steel
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Ø

confined and unconfined concrete
Concrete is defined as unconfined according to [MC90], when the minimum concrete
cover on the bar (1·ø) and the minimum transverse reinforcement (Ast,min > 0.25·n·As)
are used. As is the area of one bar, n is the number of the enclosed bars by the
transverse reinforcement Ast. In unconfined situations splitting of the concrete as
shown in Fig. 3-1b is assumed to initiate bond failure.
Concrete is defined as confined, if the concrete cover is larger than five times the bar
diameter (5·ø) and the clear spacing is larger than ten times the bar diameter (10·ø).
If closely spaced transverse reinforcement (Ast > n·As) is provided or a high
transverse pressure (p ≥ 7.5MN/m2) is present, concrete is also defined as confined.
For situations between these two limiting cases of confinement, the parameters may
be interpolated. The failure mode is expected to develop according to Fig. 3-2a,
where the bar is pulled out of the concrete.

Ø

good and poor bond conditions
These conditions are dependent on the casting process and are illustrated below in
Fig. 3-5.

Fig. 3-5 Good and poor bond conditions
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Table 3-1 Bond parameters as given in [MC90] (Listing from [fib1])
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3.1.1 Cyclic Loading, Cracking, Time Effects

Bond behavior under cyclic loading conditions was investigated by [Eligehausen et al.
(1983), Pochanart/Harmon (1989)]. Cyclic behavior is characterized by a steep unloading
branch and by a friction branch until the opposite concrete key is activated again. In
addition, the envelope is reduced after each cycle. The amount of the reduction is
dependent on the ratio of reverse loading.
Creep effects reduce the interface strength. The strength is also reduced in the vicinity of
cracks. Simple recommendations, representing modification of the values given in Table
3-1 are contained in [fib1], serving for the purpose of allowing to account for such effects.
3.1.2 Anchorage Length

In design codes [EC2, MC90] the basic anchorage length is defined as the length, for
which the forces transmitted to the rebar by bond are as large as the rebar strength.
The limit load of a rebar is the cross sectional area of the rebar times the yield strength of
the material.
f 2p
f yd
4

F=

Eq. 3-3

The transmittable bond force is the bond stress times the interface area. No advanced bondstress slip relation is employed, a constant value for the design bond strength is assumed
instead.
lb

F = ò f × p × f bd × dl

Eq. 3-4

0

F = f × p × fbd × lb

The basic anchorage length lb can be computed by comparing Eq. 3-3 and Eq. 3-4.
lb =

f f yd
4 f bd

Eq. 3-5

The design bond stress fbd is shown in the bond-stress bond-slip diagram of Fig. 3-6 by a
dashed line. The diagram describes the situation of a ribbed mild steel embedded in
unconfined concrete (C30/37, fck = 30MPa) with good bond conditions. The design bond
stress fbd seems to be small compared to the one according to bond-stress / bond-slip
relation. However, fbd is always available, even when the slip displacement is zero. (A
interface stress without any slip contradicts basis mechanical principles but it is acceptable
for simple hand calculations.) These two different approaches are compared and
scrutinized on a case study at the end of this chapter in section 3.6.
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t

tmax = 10.95MPa

C30/37 (fck = 30MPa)
unconfined
good bond conditions
ribbed rebar (mild steel)

fb =4.50Mpa
fbd = fb/g = 3.00Mpa
tf =1.65MPa
s1 = s2
0.6mm

s3
1.0mm

Fig. 3-6 Design bond strength versus bond-slip relation

Further, [MC90, EC2] allows to reduce the basic anchorage length to a design anchorage
length by
lb , net = a1 × a 2 × a 3 × a 4 × a 5 × lb ×

As , cal
As , ef

Eq. 3-6

Where As,cal is the calculated area of reinforcement required by the design and As,ef is the
area of reinforcement provided. The coefficients a1 to a5 take the form of the rebar (a1),
welded transverse bars (a2), confinement because of concrete cover (a3), confinement
because of non-welded transverse bars (a4) and confinement by transverse pressure (a5)
into account. All factors are limited to vary between 0.7 and 1.0. Except for a5 the factors
are independent of stresses/forces acting on the domain and are dependent only on the
geometric situation of the domain. Thus, these factors can be incorporated into fb. For
details about a1 to a4 reference is made to [MC90].
The coefficient accounting for the transverse pressure (a5) is computed according to
[MC90] as
a 5 = 1 - 0.04 × p

and 0.7 ≤ a5 ≤ 1.0
i.e. 0.0 ≤ p ≤ 7.5

Eq. 3-7

where p is the transverse pressure acting on the rebar. The modified bond resistance
because of this transverse pressure is
tb =

fb
fb
=
a 5 1 - 0.04 × p

Eq. 3-8

Another, more general model for the interface resistance is the Mohr-Coulomb model
(section 3.2, Eq. 3-11). If Eq. 3-8 is expressed in terms of Eq. 3-11, the friction angle j can
be computed as
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j = arctan

fb
25 - p

Eq. 3-9

j [agrd] 20
fb = 6.0MN/m2
fb = 4.5MN/m2
10

fb = 3.0MN/m2
fb = 1.5MN/m2

0

0

2

4

6

2

8 transverse pressure p [MN/m ]

Fig. 3-7 Illustration of Eq. 3-9

Fig. 3-7 shows the dependence of the friction angle j on the basic bond strength fb and on
the transverse pressure p. The effect of a5 (Eq. 3-7) cannot be described exactly by the
Mohr-Coulomb model. However, in this work the Mohr-Coulomb model is employed in
order to account for the effect of transverse pressure on the anchorage length. The
deviation will be small. Moreover, the Mohr-Coulomb model is more general. It can be
employed for numerous similar interface situations, like the one of a grout-body embedded
in soil, etc. The bond resistance is computed by
t b = f b + p × tan j

Eq. 3-10

where p is the average transverse stress. A local magnification of the transverse stress as
discussed in section 2.4.3 is not taken into account. The author assumes that the [MC90]
recommendations are based anyway on the average transverse pressure and not on the
locally magnifications of transverse pressure because this would be rather impracticable.

3.2 Frictional Interface (Mohr-Coulomb)
A frictional interface can be modeled in a classical way by employing the Mohr-Coulomb
criterion as illustrated in Fig. 3-8. Until a limit interface stress is reached, a perfectly elastic
interface behavior is assumed. The limit stress is computed by
t = c + s n × tan j

Eq. 3-11

Thus, three parameters are needed for this type of model, the cohesion of the interface c,
the friction angle j and the elastic modulus k, which controls the insignificant elastic slip
that will happen before the Mohr-Coulomb criterion is violated. In general, the exact
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magnitude of the elastic modulus k is not important. A large elastic modulus should be
provided in order to keep the elastic slip insignificant, but it should not be unreasonably
large evading convergence problems. The elastic slip occurring before plastic slip is
initiated can be computed by
uy =

c + s n × tan j
k

Eq. 3-12

t

t

j
c

k
uy

sn

u

Fig. 3-8 Illustration of Mohr-Coulomb model

3.2.1 Parameters for the Rebar / Duct Interface

Theoretically, the coefficient of friction refers to the friction angle and the wobble angle
refers to cohesion. Cohesion is independent of the stress acting on the interface. Friction
depends on the stress perpendicular to the interface (Eq. 3-11). The prediction of the stress
component perpendicular to the rebar-concrete interface is poor within the embedded
approach as scrutinized in section 2.4.3. Thus, interface resistance should be modeled
primarily by means of a modified cohesion.
The user is advised to compute the losses because of friction in the duct ahead of the finite
element analysis, e.g. by the simple and powerful cable friction theory of Euler. The
obtained losses per meter tendon divided by the cable perimeter should be provided as
cohesion. An example is shown in section 4.4.
3.2.2 Parameters for the Rebar / Soil (or Grout-Body Soil) Interface

A plain circular rebar embedded in soil will develop only minor interface forces, therefore
a grout-body is required in order to transfer high anchor forces to the soil. For smaller
forces the shape of the reinforcing steel may be improved by using strip steel, etc.
The transverse stresses acting on a grout body are dependent on the method of grouting
and on the type and height of the overburden soil. The embedded approach can be
employed successfully, if the global effect of the grout-body is of concern. Either the
model of [MC90] or the Mohr-Coulomb model serves as interface material model. Instead
of providing the plain soil parameters for the interface, the parameters should be modified
such that the ultimate grout-body force can be activated when the interface stress is fully
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utilized. Reference is made to [Smoltczyk (1991)] for recommendations about the grout
body diameter and the ultimate grout-body force.
For soil reinforced by strip steel, the interface parameters need to be modified since the
reinforcement is assumed circular by the program. First, the vertical overburden stress and
the horizontal earth pressure need to be considered on the steel strip and on a circular
reinforcement. As the second step, the interface parameters need to be modified such that
the bond situation of the circular rebar simulates the one of the steel strip.
3.2.3 Interrelation of Mohr-Coulomb and the Model Code 90 Model

The constitutive relation presented for the rebar-concrete interface in section 3.1 (model of
[MC90]) can substitute the Mohr-Coulomb model as long as the cohesion is dominant or
sn·tanj is not subject to significant changes. If the interface behaves stiff at low relative

displacements and becomes gradually softer with increasing relative displacement, the
performance can be improved by the model of [MC90] since the ascending branch can be
described by the curvature-parameter a (discussed in Fig. 3-3) and by the amount of slip
when full resistance has developed (s1, tmax ). The full capacity of the interface resistance
tmax corresponds to the limit stress of the Mohr-Coulomb model (Eq. 3-11). Thus, the term

accounting for friction (sn·tanj in Eq. 3-11) should either play a minor role or remain
almost constant during the analysis. The other model parameters of [MC90] (s2, s3) are not
required. They should be set to large values unless a descending branch needs to be
modeled.
If unloading-reloading situations need to be considered, the two models behave completely
different. The model of [MC90] cannot substitute the Mohr-Coulomb model in such a case.
So far, the model of [MC90] is limited to monotonic loading until yet. The unloading
reloading path is illustrated in Fig. 3-9a for the model of [MC90] and in Fig. 3-9b for the
Mohr-Coulomb model.

a) unloading reloading, model of [MC90]

b) unloading reloading, Mohr-Coulomb model

Fig. 3-9 Behavior at unloading-reloading (model of [MC90] so far is limited to monotonic loading)
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3.3 Rigid-Bond Model
The classical embedded formulation for the rebars implies perfect (rigid) bond. Thus, the
rigid bond solution is obtained by default. Full bearing capacity of the rebar is assumed
from the rebar ends on, and no anchorage zones, which are required by design codes, are
considered. A remedy would be to provide the rebar length smaller to the program
compared to that length which is actually present in the structure. Another way would be to
decrease the diameter in such zones for the analysis, [Sritharan (1998)]. In this computer
program such input modifications need not to be done by the user since such effects are
captured automatically by employing the “Anchorage Loss Model”, which is presented in
section 3.4. However, the rigid bond model will be appropriate for all rebars where bond is
not critical, e.g. for stirrups, hoops and minor reinforcement.
3.3.1 Example

The stress distribution employing rigid bond is illustrated below in Fig. 3-10. This example
is based on the one presented in section 2.5.2, Fig. 2-18 (single span beam l/b/h =
6.00/0.20/0.40m, elastic / no-tension parent material). Instead of 5ø30mm, in this case
4ø30mm bars are employed as reinforcement. Two bars represent the base reinforcement
and go from end to end of the beam. The two other bars start at x = 1.50m and terminate at
x = 4.50m.
Stress distribution of the reinforcement along the beam: At the two ends, the rebar stress is
low since the end elements behave linearly elastic, in compression and in tension. Then, all
tensile forces must be transferred by the two rebars representing the base reinforcement.
After x = 1.50m the additional rebars are activated suddenly because of the rigid bond
condition, and the rebar stress changes abruptly. A small disturbance of the constant stress
distribution in each rebar section can be observed in the regions where the additional
reinforcement is beginning and ending, respectively. This disturbance is caused by the
displacement of the cross-sections which do not remain plane in such cases. It is not
claimed that these disturbances are correct in magnitude at this point. Therefore, more
elements would be necessary. However, this is of no concern.
It is interesting to observe that forces are transferred to the additional reinforcement at all
since a no-tension material cannot transfer loads. It is evident that a certain bracing is
always necessary. The loads can be transferred, because the embedded approach cannot
account for such local effects as already discussed in section 2.4.3. All local effects are
mapped to the parent element nodes and are smeared therefore. Hence, this smearing turns
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out as an advantage within a global analysis since local problems do not cause the entire
analysis to fail.
System
2ø30 base reinf.
2ø30 additional reinf.
1.50m

3.00m

1.50m

additional information: section 2.5.2, Fig. 2-18

stress [MN/m²]

Stress distribution along the rebar
250
200
150
100
base reinforcement 2d30

50

extra reinforcement 2d30mm

length [m]

0
0

1

2

3

4

5

6

Fig. 3-10 Rigid bond, rebar stresses are overestimated at the rebar ends because of perfect bond

3.4 Anchorage-Loss Model
This model is able to account for situations where bond is critical at the ends of the rebar
only. It modifies the constitutive relation for the reinforcement material at the ends of the
reinforcing bar by reducing the rebar strength. It cannot account for debonding situations
along the entire rebar and the magnitude of slip cannot be computed as well. However, it is
computationally efficient since no additional degrees of freedom are introduced. The
anchorage loss model is able to account for the design code requirements about the
anchorage length, which are described in section 3.1.2.
Two constitutive relations can be employed within the embedded approach: one each the
concrete and the rebar. A third law for the interface cannot be introduced. Thus, either the
concrete law or the rebar law needs to be modified. Here, the material law for the rebar is
modified in order to account for the reduced rebar effectiveness because of slip at the
rebar-concrete interface.
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The interface area integrated from the end up to position x along the rebar times the bond
strength limits the maximum admissible force in a rebar (as long as the yield limit of the
bar is not exceeded). The corresponding stress in the rebar is shown as a dotted line in Fig.
3-11a. The admissible stress in the rebar because of bond strength is
f s ,b ( x ) =

min

( ò ( f + s × tan j ) ×f ×p × dx , ò ( f + s × tan j ) ×f ×p × dx )
x

0

l

b

n

x

b

n

Eq. 3-13

Ar

where fb is the bond strength on the interface, sn is the transverse pressure and j can be
obtained from Eq. 3-9 and Fig. 3-7.
The admissible stress along the rebar fs(x) is now modified such that neither the rebar
strength fs nor the interface strength fb is exceeded. Fig. 3-11a shows this admissible stress
along the rebar by the solid line.
f s ( x ) = min ( f s ,b ( x ) , f s )

Eq. 3-14

a) Axial stress along the rebar

fs,b(x)
x=0

fs(x)

fs

x = xn

x=l

b) Bond stress along the rebar

tb

Full utilization of bond stress is assumed here
Fig. 3-11 Illustration of the anchorage loss model

The anchorage loss model assumes full utilization of the bond capacity at the rebar ends as
shown in Fig. 3-11b by the yellow areas. The activated bond stress because of slip at the
rebar-concrete interface cannot be accounted for. Although this anchorage loss model is
limited to debonding situations at the rebar ends, it is very attractive for most anchorage
situations of mild reinforcement because of its computational efficiency.
Other ways to account for the reduced efficiency of the reinforcement would be to reduce
either the diameter of the rebar at the ends [Sritharan (1998)] or to reduce Young’s
modulus of the rebar at the ends. The implemented method (reducing the rebar strength)
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results in a stiffer response compared to the other two methods, until the yield strength is
reached. Reducing the diameter might results in some misunderstanding when the results
are interpreted since the stress shows still large magnitudes at the rebar ends unless it is
related to the actual rebar area for the output of results. A remedy is to introduce a reduced
Young’s modulus for the rebar instead of a reduced diameter. This way is appealing from
the mechanical point of view. However, only an experienced user will be able to
distinguish between an elastic rebar, a sliding rebar and a yielding rebar. The influence of
the three modes of modeling the rebar on the results is not expected to differ significantly
one from another. Therefore, the reduction of only the yield strength was chosen for its
simplicity and because of the simplicity of interpreting the results.

3.4.1 Example
The example presented here is the same as previously discussed in the context of the “rigid
bond model” and as presented formerly in section 2.5.2, Fig. 2-18. The parameter required
in addition is the bond strength fb, which is assumed to be 3.00MN/m². The effect of the
transverse pressure is not taken into account. Fig. 3-12a shows the stress distribution along
the rebars for an end-moment of M = 0.10MNm, whereas Fig. 3-12b shows the stress
distribution for an end-moment of 0.25MNm. The base reinforcement is assumed to be
perfectly bonded in the elastic elements at the head and at the end of the beam. The stress
diagrams show clearly the reduced effectiveness of the additional reinforcement along the
transfer lengths. One might observe that the rebar stress does not reach the double
magnitude in the regions where only the base reinforcement is present as compared to
those regions where both, the base and the additional reinforcement is active. Especially in
Fig. 3-12b this effect is very pronounced. This is because the necking effect of concrete’s
compressive zone is higher for low-reinforced concrete and the lever arm of the internal
forces becomes greater therefore.
System
2ø30 base reinf.
2ø30 additional reinforcement
1.50m

3.00m

additional information: section 2.5.2, Fig. 2-18
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b) end moment = 0.25MNm
Fig. 3-12 Anchorage loss model, accounts for the code requirement concerning the basic anchorage length

3.5 Supplementary Interface Model
In situations where the amount of slip is of interest or where slip is not limited to the rebar
ends, it is necessary to introduce slip degrees of freedom. If conventional interface
elements are employed for consideration of slip, it will be cumbersome to prepare the input
data as already discussed in the introduction to chapter 2 and 3. Introducing slip degrees of
freedom to the nodal vector of element displacements as described in section 2.2 is an
elegant way to account for slip, another way will be reported in this section. Slip can be
accounted for at the material level [Hartl et al. (2000), Hartl/Elgamal (2000), Hartl/Beer
(2000)]. Here, the interface behavior along a rebar is computed after the global strain field
is known. Only small systems of equations need to be handled since it is done for every
rebar separately.
The concept of the supplementary interface model is shown in Fig. 3-13. The rebars are
embedded in the classical way (without slip DOFs) in the parent elements (Fig. 3-13a).
Hence, in the global analysis computes a state of displacements is computed which is
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based on the assumption of perfect bond of the rebars. On the material level perfect bond is
relaxed by connecting the rebar to the concrete via continuous interface elements. This is
illustrated by a truss model in Fig. 3-13b. The truss members are the rebars, which are
supported by the concrete. The truss elements are connected to the concrete supports via
bond springs, which are modeled as continuous interface elements. The strains are
integrated along the rebar path and the obtained displacements of the parent elements are
applied as support displacements to the truss model. The difference in rebar forces
computed by the truss model compared to the forces assuming rigid bond are mapped back
as residual nodal forces of the parent element.

nodal point (associated with DOFs of the parent element)
rebar point (not associated with DOFs of the parent element)
a) Situation in the domain
truss member (rebar)

prescribed displacement

joint element for bond (continuous interface elem)
support (concrete)

b) Truss model at the material level
Fig. 3-13 Concept of the supplementary interface model

In order to compute the slip between the concrete and the rebars, the truss model has to be
analyzed. The stiffness of a rebar is
e
K rebar = Ar ò B eT
r ,l × E × B r ,l × dl

Eq. 3-15

l

The stiffness of a continuous interface element where the slip is directly available was
derived in section 2.2, Eq. 2-38. In the present case, the slip is the difference of the
concrete displacement along the rebar and the rebar displacement itself. The stiffness can
be computed by considering an increment of the virtual work
T

Dd Wint = ò d u ej × N eTj × k × N ej × dS × Du ej
S
144244
3
= K interface
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where N ej and u ej were explained in the content of Eq. 9-21 and Eq. 9-30, respectively.
According to section 3.1 the interface stiffness k is dependent of the slip, which has arisen
until now. This slip can be computed by

uslip = N ej × u ej

Eq. 3-17

Now, the stiffness of the domain is defined. The boundary conditions are specified in terms
of prescribed displacements (Dirichlet boundary conditions) which can be computed
by integrating the strains along the rebar as shown in Eq. 3-18. The first component of
Dl is the elongation between the starting point of the rebar (l = 0) and the point of
concern (l = li).
li

Dl = ò Te , gl × B p × u p × dl

Eq. 3-18

0

Numerically, Eq. 3-18 is obtained as the sum of values of the integrand at a number of
sample points, specified by intrinsic coordinates, multiplied by the Jacobian determinant
and by weight factors.

Dl n =1 = 0

n… node along the truss (Fig. 3-13b)
Eq. 3-19

Dl n >1 = Dln -1 + å Te , gl × Bep × u ep × J r × Wr
GP

In general, gauss points [Stroud/Secrest (1966)] are employed as sample points. These
points are located at specific positions along the integration path given as the rebar path
between two rebar nodes in this case. To obtain the same order of accuracy as for the
integration over the whole element, the same number of Gauss points as for the whole
rebar element is employed for the portion between two rebar nodes as illustrated in Fig.
3-14 where for the left section between R1 and R3 the integration points GP1li, GP2li, and
GP3li are employed. (Employing the Gauss points, which are associated with the
considered rebar section, i.e., GP3 and half of value computed for GP2, would give
incorrect results, because such points do not represent Gauss points for a subsection.)

GP3li

GP2li

GP1li

R3
GP2

GP3

GP3re
GP2re
GP1

R1

GP1re
R2

Fig. 3-14 Arrangement of integration points for Eq. 3-19
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Prestress actions can also be accounted for by applying prestress forces or prescribed
displacements at the rebar points. This will be discussed in detail in chapter 4.
Now, the matrix for a rebar subjected to slip can be assembled and solved for the
displacements of the rebar nodes in a standard way
é Ff ù é K ff
ê F ú = êK
ë s û ë sf

K fs ù éu f ù
×
K ss úû êë u s úû

f…free

node;

s…supported

node
Eq. 3-20

F f = K ff × u f + K fs × u s

u f = K -1
ff × (F f - K fs × u s )
The system of equations has a banded narrow and symmetric coefficient matrix. The
bandwidth is dependent on the element type employed for the rebar and the interface.
Since the constitutive relation of the interface stiffness is highly non-linear, the conjugate
gradient method [McGuire et al. (2000), Golub/Van Loan (1996)] seemed to be an
appropriate tool for solving the system of equations. The conjugate gradient method is an
iterative method, which gives for a system of equations with the size n x n the exact
solution after n iteration steps. In case of suitable preconditioning only few iteration steps
are needed in order to obtain a convergent solution. However, the solution of numerous
benchmark problems in this work has shown that these types of problems are not well
conditioned for the conjugate gradient solver. Often more than n iteration steps were
needed in order to solve a system of equations with the size n x n. The reason for this seems
to be roundoff errors, although double precision variables were employed. In other cases
convergence was indicated after n iteration steps, however, finally the solution turned out
to be divergent. Hence, classical Gauss elimination was finally used for solving the system
of equations. Once the system of equations is solved, the relative displacement between the
rebar and the concrete can be computed by means of Eq. 3-17. The strain in the rebar
because of slip displacement is

e slip = B er ,l × u eslip

Eq. 3-21

The strain at the same point of the rebar assuming perfect bond can be computed from the
parent element displacement vector. The strain along the rebar axis is the first component
of the computed vector

εrigid _ bond = éë Te , gl × B ep × u ep ùû
1

Eq. 3-22

The strain of the rebar subjected to slip is
e r = e rigid _ bond + e slip
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Rebar stresses are computed by relating the rebar strains to the constitutive relation of the
rebar. The differences of these stresses from those attained under the assumption of perfect
bond, Dσ r , are mapped as residual nodal forces to the parent elements, similarly as already
shown in Eq. 2-48.

R ep = ò

rebars

R ep =

B eT
p × Dσ r × dl

å A åB
r

rebars

eT
p

Eq. 3-24

× Dσ r × J r × Wr

GP

3.5.1 Computational Aspects Concerning the Stress Update
The iterative scheme of the supplementary interface algorithm starts with the perfect bond
prediction for rebar strains, which is obtained from the global solution. Thus, the stress will
be overestimated at regions where the parent domain experiences the highest strain
increment. In the iteration of the supplementary interface algorithm continuous unloading
will follow. This approach causes no problems as long as the steel stress does not exceed
the elastic limit within the iterative scheme as shown in Fig. 3-15a. The numerical
simulation of the load path goes from A over B in the first iteration step to C and D in the
subsequent iteration steps. However, in reality the load path goes directly from A to D
since slip arises simultaneously with the applied load.
B
C
s

s

s

B

D

B
C
D

C
D
A

A

A

e
a) elastic behavior

e
c) iterative strain update

e
b) incremental strain update

Fig. 3-15 Comparison of Strain update techniques

The situation is more difficult when the first prediction of the steel stress exceeds the
elastic limit. A plastic strain increment may develop. Fig. 3-15b shows this method, which
is referred to as “iterative strain update” in [Crisfield (1997)]. The over-estimated stress is
corrected by the constitutive relation. Further iteration steps result in elastic unloading of
the steel. An erroneous solution is obtained since the plastic strain increment is only a
consequence of the iterative scheme. No plastic strain will be obtained in reality when
loading from A to D.
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Updating the strains always from the beginning of the iteration (point A) or assuming
linear behavior within the iterative procedure as shown in Fig. 3-15c overcomes this lack.
This is referred to as “incremental strain update” in [Crisfield (1997)]
Within the supplementary interface model, the incremental strain update is inevitable. It
can be implemented easily by assuming linearly elastic rebar behavior within the iterative
scheme of the supplementary algorithm. After the slip has converged to a stable solution,
the rebar stress is updated by the constitutive relation for the rebar.
3.5.2 Example
The potential of the supplementary interface model will demonstrated by means of
numerous examples throughout this work. Here, the model is applied to the example, used
for illustrating the behavior of the rigid bond model and of the anchorage loss model. The
stress distribution along the rebars for an end-moment of 0.25MNm is shown in Fig. 3-16.
The bond-stress bond-slip relation shown in Fig. 3-6 is employed here, but the maximum
bond strength tmax and the residual bond strength tf are reduced to the design values (tmax =
7.30MPa and tf = 1.10MPa).
System
2ø30 base reinf.
2ø30 additional reinforcement
1.50m

3.00m

1.50m

stress [MN/m²]

Stress distribution along the rebar, end-moment = 0.25MNm
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Fig. 3-16 Supplementary Interface Model, realistic bond behavior
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3.5.3 Supplementary Interface Model versus Embedded Rebar Allowing
Slip
From the theoretical view, the embedded rebar allowing slip is without doubt more
appealing. It is a left-hand-side approach and the concept is clear within the finite element
approach. In order to incorporate elements with embedded rebars allowing slip, the finite
element code has to offer a way to add new user-defined elements. The size of the stiffness
matrix of these elements can vary from element to element since it is dependent on the
number of rebars allowing slip within each element.
The supplementary interface model is a right-hand-side approach. On the material level a
second FE-analysis is required for the slip along the rebar. Coupling terms between parent
element stiffness and interface stiffness do not appear since the parent element
displacement is computed on the global level and slip is determined at the material level.
Thus, even if linearly elastic rebar-concrete interfaces are present, iteration will be needed
in order to obtain a convergent solution within the supplementary interface model.
The rebar material and the concrete material is assumed to be linear up to the elastic limit,
but the rebar-concrete interface is nonlinear from the beginning. It is initially extremely
stiff, but the stiffness will decrease significantly with slip occurring as discussed in section
3.1. If rebars allowing slip are employed, the global stiffness matrix needs to be reassembled and solved for every load increment at the beginning, because of the nonlinear
interface behavior, and later, because of the nonlinear behavior of the parent concrete and
rebar material. The absence of an elastic regime is time consuming. In contrast, within the
supplementary interface model, only small stiffness matrices arise at the material level.
These small stiffness matrices can be solved quickly and efficiently.
If the rebars are prestressed, either forces (prestress force = Neumann boundary condition)
or prescribed displacements (anchor or wedge-pull-in = Dirichlet boundary conditions) will
be applied. If a force is applied at the node, the equilibrium equation for the respective
node will appear in the upper section of Eq. 3-20. If a displacement is applied at the node,
the equilibrium equation for the respective node will appear in the lower section of Eq.
3-20. Hence, the system of equations changes any time the boundary conditions on the
rebar ends change from Dirichlet to Neumann or vice versa. The effort to solve the system
of equations will be less expensive, if prestress can be accounted for within the
supplementary interface model since only small systems of equations need to be solved.
Although both models are appealing, only the supplementary interface model has been
implemented into BEFE-Concrete until now. The only reason for this is that the
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supplementary interface model was developed earlier by the author of this thesis.
Unfortunately, no benchmarks of the two algorithms can be presented.

3.6 Special Aspects of a 2D Analysis
In a 2D analysis the reinforcement is taken into account as one discrete rebar in the
element as shown in Fig. 3-17 (and not as reinforcement layer smeared over the element
thickness).

Fig. 3-17 Representation of rebars in a 2D analysis

Normally, in structures which can be treated as plane strain problems (e.g. tunnels), the
reinforcement is provided by a diameter ø and the spacing e. Hence, we have to compute
the according equivalent diameter ø2D, which represents the reinforcement over the unity
depth of the plane analysis. (In general 1meter)

f 2p 1 f 22Dp
f
× =
Þ f2D =
4 e
4
e

Eq. 3-25

No further modification is necessary if rigid bond is assumed for the rebar.

However, if a bond model is employed, the new diameter does not represent the effective
interface area of the rebars which are present in the real structure. The interface surface per
unit length in reality is
S = f ×p ×

1
e

Eq. 3-26

while the assumed interface area by the equivalent diameter for the 2D analysis is

S2 D = f 2 D × p

Eq. 3-27

Hence the interface strength needs to be modified by a factor f such that the resistance is
the same in both situations.
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1
f × p × ×t = f 2 D × p ×t × f
e

Eq. 3-28

Considering Eq. 3-28 and Eq. 3-25, the factor f for modifying the interface strength is

f =

1
e

Eq. 3-29

3.7 Case Study: Basic Anchorage Length Compared to
Advanced Bond Model
The development of the bond strength with increasing bond slip was discussed at the
beginning of this chapter. Although the design codes do not account at all for the
phenomena of slip, the recommendations given in the codes are capable to account for
numerous practical purposes. In this section, the stress distribution along the rebar obtained
by code recommendation (simulated by the anchorage loss model) is compared to the
stress distribution assuming the advanced bond model of [MC90].
The parent domain is shown below in Fig. 3-18. It consists of one 3D element with linear
shape functions and 1.0/1.0/4.0m in size. One rebar is embedded in the middle of the
element. The rebar is discretized into sufficiently rebar-elements employing parabolic
shape functions within the parent element in order to account for slip. The magnitude of
load p is such that the rebar is on the design yield limit.
100
p = 74.20MN/m²

100
400
Fig. 3-18 Domain for investigation of the transfer length

Concrete
Ec = 32000 MN/m²
n = 0.20
linear elastic

Steel
Es = 200000 MN/m²
478 MN/m²
fyd =

Load
p = 74.20MN/m²

For determination of the basic anchorage length, the design bond stress fbd for concrete
C30/37 according to [EC2] is

fbd = 3.00 MN/m² if good bond conditions apply according to [MC90]
fbd = 2.10 MN/m² if poor bond conditions apply according to [MC90]
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For the advanced bond model, the parameters for concrete C30/37 according to [MC90,
fib1] (see also Table 3-1) are reduced to design values by introducing the partial safety
factor for concrete g = 1.50. The obtained design values are
color

confining
cond.

bond
cond.

s1

s2

s3

a

tmax

tmax,d

tf

tf,d

unconf.

good

0.6

0.6

1.0

0.4

10.95

7.30

1.64

1.10

unconf.

poor

0.6

0.6

2.5

0.4

5.47

3.65

0.82

0.55

conf.

good

1.0

3.0

25.0

0.4

13.69

9.13

5.47

3.65

conf.

poor

1.0

3.0

25.0

0.4

6.85

4.56

2.74

1.83

Table 3-2 Advanced bond parameters for C30/37 (design values)

Fig. 3-19 shows ductile behavior of the bond-stress bond-slip relation for rebars embedded
in confined concrete while the bond-stress bond-slip relation for rebars embedded in
unconfined concrete is rather brittle.
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Fig. 3-19 Employed bond-stress bond-slip relations
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Fig. 3-20 shows the resulting interaction of the rebar-stress, bond-slip and the bond-stress
for a rebar ø30mm. At the rebar-end the slip obviously reaches the largest value. A large
bond stress is activated as long as the slip is still in the ascending regime or at the yield
plateau of the constitutive relationship. Such a situation applies to both cases of confined
concrete in this example. For unconfined concrete there is no yield plateau in the bondstress bond-slip relation (s1= s2). In this example, the slip is greater than s2 for unconfined
concrete at the rebar-end. Hence, the activated bond stress decreases significantly at the
end of the rebar. This is one reason why the recommendations for the basic anchorage
length are limited to rebars lower than ø32mm in [EC2].
Fig. 3-21 shows the same diagrams for a rebar ø12mm. In all situations the slip is lower
than s1. Because of the small amount of slip, the activated bond stress is quite moderate
and therefore the length needed to transfer the force completely from the concrete to the
rebar agrees well with the basic anchorage length.
Comparing the results from both examples, it is interesting to see that the code is more
conservative in case of the larger diameter, where the descending branch has been reached
already, than for the smaller rebar. The reason for this is that for the larger rebar there is
more slip. Hence, more bond stress is activated.
Conclusions
Ø The code recommendations for the anchorage length agree well with the
transfer length obtained by employing an advanced model for both, small and
big rebar diameters.
Ø Except for situations where the bond-stress bond-slip relation enters the
descending branch, about 70% to 80% of the rebar-force is transferred within
the first 50% of the transfer length.
Ø Although the code recommendation is very simple to handle, it is appropriate
for most situations and reasonably well on the safe side.
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Fig. 3-20 Basic anchorage length compared to advanced bond model for a bar ø30mm
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Fig. 3-21 Basic anchorage length compared to advanced bond model for a bar ø12mm
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Prestress Loading
Concrete structures are prestressed in order to enhance the serviceability. The effect of
prestressing is the reduction of concrete tensile stresses and/or the deformations of the
structure. Mechanically, prestressing is nothing else than applying an axial force on the
structure. This force is eccentric to the system axis in general.
In the literature the index “p” is usually employed for prestress. In this work “p” is already
reserved for the parent material. Therefore, “ps” is used for prestress. Further, “ps” will be
used only, if prestress needs to be addressed explicitly. The stress in any reinforcing
material, no matter whether mild or prestressed, is sr. Only the constituent of sr resulting
from prestressing of the rebar is denoted as sps. Further, the name rebar is used as
substitute for all kinds of reinforcing and prestressing materials, e.g. tendons, strands,
wires, bars, etc.

Apart from special techniques, the following common prestressing methods are used:
Post-tensioned Tendons

This is the most common method for cast-in-place concrete. The tendons are stressed after
concrete has cured to a required limit. This is done in general by hydraulic jacks. Hence,
the force in the tendon can be controlled accurately. The difference of the resulting
elongation of the tendon and of the shortening of concrete is known as tendon pull-outlength.
Ø

bonded tendons
Such tendons are embedded in the concrete. Hence, any path within the concrete may
be assigned to such tendons. After a tendon is stressed (regularly by hydraulic jacks),
the tendon ends will be fixed by head anchors. Finally, the duct is grouted in order to
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ensure protection against corrosion. Grouting results in bond. If loads are applied on
the structure both, concrete strains and rebar strains are changed equally because of
bond. Thus, the tendon contributes to the local load transfer mechanism and the
ultimate load capacity is increased as a consequence.
Ø

unbonded tendons
The difference to bonded tendons is that the ducts of unbonded tendons are not
grouted. In order to ensure the protection against corrosion, the ducts are filled with
grease in the factory. This allows much smaller diameters of the ducts. Hence, the
effective lever arm of the internal forces in the cross-section can be increased. The
mechanical difference between bonded and unbonded tendons is that local straining of
the cross-section causes no local concentration of tendon strains since the unbonded
tendon can distribute the local concentration of deformation over the entire tendon
length. Thus, there will only be an insignificant increase in tendon stresses, if the loads
acting on the structure are increased.

Ø

external tendons
External tendons are placed outside the concrete. The major advantage of such tendons
is the better accessibility for maintenance. The mechanical behavior is similar to the
one of unbonded tendons. A difference is that external tendons change the direction
only at distinct points. Thus, the arising turn-around forces acting on the structure are
induced as locally concentrated forces at the points where the external tendons change
direction.

Pre-tensioned Tendons

This is the most common method for precast concrete. In the construction process, the
tendon (wires) will be stressed in a prestress bed between two yokes. The concrete will be
cast directly around the tendon. Hence, tendon and concrete are directly connected at the
common interface. After the concrete has cured to a certain limit, the wires are released
from the yokes and the prestress force is induced to the concrete. Instead of applying
prestress forces on the tendon, an initial strain is applied in this case. Hence, a wire-pull-in
will be obtained instead of a tendon-pull-out.

4.1 Equilibrium of an Element Containing a Tendon
Before going into details and deriving the virtual work equations for an embedded tendon,
the situation will be illustrated. The rebar stress at the material level is increased up to an
arbitrary tensile stress, which is lower than the steel strength. The stress increase is
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converted to residual forces according to Eq. 2-48. These forces are re-applied to the parent
element causing compression stresses in the parent element. Hence, it may be presumed
that prestress can be incorporated by modifying the rebar stress.
Prestress is in general accounted for by utilizing the load-balancing concept, introduced by
[Lin (1963), Leonhard (1980)]. It is characterized by treating the reinforced concrete and
the tendon as free bodies. This concept can be applied to the finite element method as
shown by [Hofstetter (1987), Roca/Mari (1993a, 1993b)].

-F1

F1
p

p

+
-F2

F2

a) parent concrete element

b) rebar (tendon)

Fig. 4-1 Forces applied on the concrete and on the tendon within the load-balancing concept

The virtual work equation for the parent concrete element containing one tendon as shown
in Fig. 4-1a can be written according to [Hofstetter/Mang (1995)] as
- ò d εT × σ dV + ò d uT × b dV + ò d uT × t dV +
Vp

Vp

Sp

ò

lduct

d uT × p dl + d u1T × F1 + d uT2 × F2 = 0

Eq. 4-1

In Eq. 4-1 the first term refers to the internal stresses σ in the parent concrete element, the
second and the third term refer to body forces b and to surface traction t , respectively,
acting on the parent concrete element. The forces exerted from the tendon to the concrete
are accounted for by the terms in the second line of Eq. 4-1. The fourth term refers to the
line load p along the duct. The last two terms account for the axial forces F1, F2 applied on
the parent concrete element.
The virtual work equation for the tendon shown in Fig. 4-1b is given as
- Ar ò

lduct

de r × s r dl - é ò d uT × p dl + d u1T × F1 + d uT2 × F2 ù = 0
ëê lduct
ûú

Eq. 4-2

The first term in Eq. 4-2 refers to the virtual work of the internal forces of the tendon. The
other three terms are the same as in Eq. 4-1 but with the opposite sign. The virtual work of
Helmut Hartl

60

4 Prestress Loading
the concrete element containing the tendon is the sum of Eq. 4-1 and Eq. 4-2. Hence, the
last three terms of Eq. 4-2 cancel out:

- ò dε × σ dV p + ò du × b dV p + ò du × t dV p - Aò
Vp

Vp

Sp

l duct

de l × s r dl = 0

Eq. 4-3

It is concluded that only the tendon stresses need to be considered in order to account for
prestress.

4.2 Application of the Prestress Force within the
Embedded Formulation and Perfect Bond
The tendon stress (or tendon force) along the tendon needs to be provided as input.
However, these forces do not directly enter the load vector since there are no nodes at the
tendon ends, which appear in the stiffness matrix. Hence, nodal forces of the parent
elements need to be computed from these prestress forces as shown in Eq. 2-48. Prestress
applied in the prestress bed can be considered as well as prestress applied by hydraulic
jacks.
4.2.1 Prestress Applied in the Prestress Bed

Both the concrete and the wires are shortened after releasing the wires from the yokes.
Therefore, the initial tensile strain (and subsequently the stress) of the wires is reduced
because of the compression of the concrete. This strain reduction is taken into account by
default since the initial prestress force causes compression stresses in the concrete and
subsequently compression stresses on top of the initial tensile stress of the wires. This
results in a reduced tensile stress in the wires. The wire-pull-in and the stress distribution at
the tendon ends cannot be computed here since the perfect bond restriction applies. The
stress distribution at the end has to be provided as input, if the stresses at the ends are of
importance for predicting the member capacity. This is particularly important, if the
support length of the member is short.
Example
We start on the single-span beam presented in section 2.5.2, Fig. 2-16. We replace the mild
reinforcement by two strands each 150mm² (Es = 200000MN/m²) at the same position.
(The distance of the axes from the bottom surface is 5cm). An initial tendon-prestress of
1275MN/m² is provided as input to the program. No further loads are considered. The final
tendon stress is 1194.74MN/m². The reduction of the original prestress is caused by the
shortening of the concrete and the wires. The numerical result is identical with the
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analytical solution. Fig. 4-2 shows that also the computed concrete stresses agree with the
analytical solution.
y-coord [m]

0,20

0,10

2GP
analytical

stress [MN/m²]
0,00

-20

-10

0

10

-0,10

sps = 1194.74MN/m²
-0,20

Fig. 4-2 Prestress applied in the prestress bed, stress distribution

4.2.2 Prestress Applied by Hydraulic Jacks

In this method the prestress force in the tendon is independent of the concrete compression
since the tensioning process is stopped after the manometer of the prestressing equipment
has indicated the required force in the tendon. The tendon elongation is checked on site as
well. However, this is rather done for the sake of an additional information in the context
of quality assurance. (A major deviation of predicted tendon elongation versus the
measured tendon elongation indicates flaws in the duct, the tendon or the concrete.)
Computationally, nodal forces are computed by means of Eq. 2-48. The residual stress is
the difference of the target tendon stress and the current tendon stress. When these nodal
forces are applied to the domain, the concrete and the tendon will be deformed. Thus, the
target tendon strain and, consequently, the target tendon stress are changed and new
residual forces will arise (unless the left-hand-factor is 0, compare section 2.1.4). An
iterative scheme is required in order to find equilibrium of applied prestress forces and of
reactive concrete forces in the domain.
Example
The same example is solved as before. However, now the tendon is post tensioned by
hydraulic jacks. Fig. 4-3 shows the stress distribution after prestressing without an external
load in the concrete and in the tendon. The analytical solution for the stresses is identical to
the numerical situation. No information is available about the tendon pull-out.
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Fig. 4-3 Post tensioning based on the perfect bond assumption

4.3 Application of the Prestress Force within the
Supplementary Interface Model
The supplementary interface model is able to account for the slip arising at all stages
encountered during the prestress process. In general, these prestress sequences follow some
typical procedures. The program supports the user during preparation of the input data
(chapter 7). Common cases will be discussed in the following.
4.3.1 Prestressing in the Prestress Bed

a)

First, the rebar (most commonly a wire) is
installed and stressed between the two
yokes to a given level of sr, er.
Then the concrete is cast around the rebar.
No forces are initially transferred between
the rebar and the concrete. Computations
start here (without modeling the yokes),
zero stress and strain is assigned to the
concrete and to the rebar since the prestress
force is still applied to the yokes only.

b)

c)

During the curing process, the concrete
starts to shrink. The shrinkage strains are
transferred to the rebar. Consequently, slip
of the rebar-concrete interface and
compressive rebar strains are obtained.

d)

If the rebar is now released from the yokes,
the initially applied rebar strain will be
applied to the structure.

Fig. 4-4 Construction sequence in the prestress bed

Helmut Hartl

63

4 Prestress Loading
In the first stages where no prestress force is applied to the concrete (up to Fig. 4-4c) the
situation can be modeled employing the supplementary interface model as already
discussed in section 3.5. Forces are only transferred from the curing concrete to the rebar.
After the rebar has been released from the yokes (Fig. 4-4d), the prestress force will be
transferred from the rebar to the concrete. Within the supplementary interface algorithm,
forces acting on the rebar can be applied at the rebar nodes. These nodal forces are caused
by the released initial strain eps and are applied incrementally. (The initial strain has a
negative sign. This is obvious since it acts as compressive force on the domain)
Ds ps = E × De ps

DFre,l = Ar

ò

Eq. 4-4

B eT
r ,l × Ds ps × dl

rebar

eps

eps

eps

eps

eps

eps

eps

eps

eps

eps

Fig. 4-5 Accounting for pretensioned rebars within the supplementary interface model

After the nodal displacements of the truss model are computed, the incremental rebar
strains can be determined as

De r = B er ,l × Du eslip - De ps

Eq. 4-5

4.3.2 Prestressing by Hydraulic Jacks
rebar experiences only minor friction

installation of
dead end anchor

application of
prestress force
P
dead anchor
wedge-pull-in &
life anchor
wedgepull-in

grouting the duct

change of interface properties

Fig. 4-6 Accounting for pretensioned rebars within the supplementary interface model
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In this case the duct is embedded in concrete. The rebar can slide freely in the duct. Only
some small friction is present, which can be accounted for by the supplementary interface
model as presented in section 3.5.
After the concrete has cured to a certain limit, the prestress force is applied by a hydraulic
jack. If this force is applied only at one side (life end), an anchor may be installed at the
other side (dead end) from the beginning on. Within the supplementary interface model the
prestress force (Neumann boundary condition) is assigned at the stressing end. At the other
side (dead end) the anchor is modeled by fixing the rebar node (Dirichlet boundary
condition) to the concrete. No Dirichlet b.c. is applied at all, if either a prestress load is
applied at both ends or if no anchor is installed on the dead end side (e.g., if a grout body
acts instead).
In the next load case two scenarios may take place: Either the prestress force is increased
or the hydraulic jack is removed and an anchor is installed instead on the life end and a
certain slip (wedge-pull-in) may arise. This wedge-pull-in is modeled by assigning a
Dirichlet b.c. on the life end.
In a subsequent load case an additional prestress force may be applied on the rebar. In this
case the life anchor (Dirichlet b.c.) must be removed in order to apply the prestress force
(Neumann b.c.).
Grouting of the duct may be accounted for by changing the interface behavior between the
rebar and the concrete in a specific load case. The slip that has occurred until this specific
load case of grouting is the zero-reference for the grouted conditions. In this work, the
Mohr-Coulomb model is employed for the duct friction and the [MC90] model accounts
for the grouted interface.
Hence, the type of boundary conditions (Dirichlet or Neumann) at the ends of a tendon will
change frequently, if the full history of prestressing is accounted for. The advantage of this
approach is that the stress distribution along the rebar and the tendon pull-out-length are
obtained as result. The program supports the user by automating this process for every
standard situation, like:
Ø unbonded tendons (grouting never takes place)
Ø bonded tendons (duct is grouted in a specific load case)
Ø external tendons (parent element has negligible stiffness)
Ø soil anchors (partially grouted before the anchor is prestressed)
Ø mild steel with anchor plates (by applying a dead end anchor only)
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4.4 Application of the Prestress Force within the
Embedded Approach Allowing Slip
The same situation as discussed in section 4.3 for the embedded approach with the
supplementary interface model applies in this case of the embedded approach allowing
slip. The prestress force enters directly the global load vector (Neumann b.c.). An endanchor or the wedge-pull-in is modeled as a Dirichlet b.c. in the global stiffness matrix.

4.5 Verification Example
The basis for the numerical investigation is once again the single span beam presented in
section 2.5.2, Fig. 2-16. The reinforcement layout for the present analysis is shown in Fig.
4-7. It includes the following types of prestress
Ø pre-tensioned wires (2ø5mm ribbed wires stressed in the prestress bed)
Ø post-tensioned tendon, (1xVSL 6-2 with bond)
Ø post-tensioned tendon, (2xDywidag 6801, unbonded)
10
30

1xVSL 6-2 (300mm²)
Po = 0.38MN
2ø5mm ribbed wire
so = 1275MN/m²

40
15
5

5
5 10
20

5

10
20

2xDywidag 6801 (2x150mm²)
Po = 0.19MN/each

a) cross-section in the middle

b) cross-section at the end

c) perspective view of the reinforcement layout
Fig. 4-7 System of the prestressed single span beam

Material parameters
Concrete
Ec = 30000 MN/m²
n = 0.20
linear elastic
Helmut Hartl

Steel (all kinds)
Es = 200000 MN/m²
fyd = 1385 MN/m²
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Bond parameters for grouted conditions
Parameters according to [fib1] are used. In this case, the same parameters as the
ones given in Table 3-2 apply. Only tmax,d and tf,d need to be reduced by h = 0.6 for
the ribbed wires and by h = 0.4 for the bonded tendon after grouting.
Bond parameters for the tendon duct interface
In order to simulate the tendon / duct interface by means of a Mohr-Coulomb model
an appropriate cohesion, as recommended in section 3.2.1, needs to be employed.
Starting with the Euler’s cable friction theory, the force at the dead anchor is
computed.
Po,d = Po ,l × e

- m (q + k ×l )

Eq. 4-6

where Po,l is the force at the life anchor, m is the friction coefficient, q is the turn
around angle from life anchor to dead anchor (q=8·f/l) and k is the wobbling angle.
The manufacturer of the employed tendon recommends m = 0.19, k = 0.0052rad/m.
Hence, we obtain
Po,d = 0.380 × e

-0.19( 0.2666 + 0.0052×6.0 )

= 0.35909 MN

DP = Po,l - Po,d = 0.380 - 0.35909 = 0.02091MN

Eq. 4-7

In the embedded approach the local contact stress is smeared over the parent
element as it was discussed in section 2.4.3. Hence, it is impossible to account for
these losses by friction. Instead, they must be considered by cohesion.
DP = f × p × l × c Þ c =

DP
0.02091
=
= 0.05689MN / m 2
f × p × l 0.0195 × p × 6.0

Eq. 4-8

The friction model requires an elastic modulus before the limit interface stress is
exceeded. An interface slip of 0.01mm is assumed to be needed before the rebar
starts to slide in the duct. Hence the modulus is
k=

c 0.05689
=
= 5688MN / m
u 0.00001

Now, all involved material parameters have been presented. The loading sequence is
LC1 pre-tensioning of the 2ø5mm ribbed wires in prestress bed
LC2 post-tensioning of unbonded tendons, 2xDywidag 6801
LC3 wedge-pull-in of unbonded tendons, 3mm
LC4 post-tensioning of bonded tendon, VSL 6-2
LC5 wedge-pull-in of bonded tendon, 1.5mm
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LC6

grouting of VSL 6-2 and application of a boundary load, 20kN/m
(almost pure normal stress in concrete)

LC7

additional boundary load of 60kN/m (S = 80kN/m)
(bonded tendon has started yielding)

LC8

additional boundary load of 14kN/m (S = 94kN/m)
(unbonded tendon started yielding)

The stress distribution along the wires and tendons is shown in Fig. 4-8. All diagrams show
the stresses in the range between 1100MN/m² to 1400MN/m². Since the wires must
maintain the stress via bond, the stress in the wires must be zero at the ends of the wires.
However, caused by bond, the stress is increasing rapidly. This transfer of forces by means
of bond was discussed in detail in chapter 3. Fig. 4-8a does not show the stresses at the
wire ends, which are lower than 1100MN/m², in order to have the same scale as in the
other diagrams.
It is evident that even an unbonded tendon has some frictional losses. However, these
losses were neglected in this example in order to show that the supplementary interface
model is capable of maintaining perfect slip as well as frictional slip. The unbonded rebar
cannot be strained locally and all strains are distributed over the entire tendon length. The
last load case (LC8) causes a tendon stress of 1383.8MN/m². This is immediately before
the tendon starts to yield.
The bonded post-tensioned tendon shows the characteristic behavior of any post-tensioned
tendon since the friction in the duct is taken into account. Because of friction the prestress
forces are decreasing from the hydraulic jack to the dead end. These losses are modeled by
cohesion within the Mohr-Coulomb interface, which is employed for the rebar duct
interface. The force at the dead end agrees with the analytical solution, which is not shown
in the diagram. The stress distribution cause by the wedge-pull-in is smooth on the saddle
point whereas an analytical solution would show a kink. This has two reasons, first the
interface between the duct and the rebar has an elastic regime (0.01mm slip is required
before the rebar starts to slide). Second, the cable friction theory assumes the concrete to
be rigid, whereas the numerical solution accounts for the deformability of concrete. When
the external loads are applied, the rebar stress decreases next to the tendon ends since in
these regions the tendon is in the compressive zone of the beam.
Fig. 4-9 shows the distribution of concrete stresses in the middle cross-section of the beam.
For the load cases 7 and 8 the tensile stresses are larger than concrete can sustain.
However, concrete is assumed to behave elastically, since only the potential of the program
with regard to prestressing is relevant in this example.
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a) stress distribution along the 2ø5mm ribbed wires, which are pre-tensioned in the prestress bed
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b) stress distribution along the unbonded post tensioned tendons, 2xDywidag 6801,
tendon pull-out length = 40.33mm
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c) Stress distribution along the bonded post tensioned tendon, 1xVSL 6-2,
tendon pull-out length = 38.18mm
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Fig. 4-8 Stress distribution along the wires and tendons
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Fig. 4-9 Concrete stress distribution in the middle cross-section of the beam
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Modeling of
Concrete
Concrete has been established as the most important structural material in the last century.
It is widely used in many areas of civil engineering, beginning at low rise buildings and
ranging over tall buildings to bridges, offshore platforms, containment structures, hydro
power plants, reactor vessels,…
Concrete consists of hardened cement paste in which aggregates are embedded. Hence, it is
a heterogeneous material. The material behavior is rather complex. A considerable
anisotropy is induced by the direction of pouring the concrete during the casting process.
The curing process causes a complicated distribution of initial stresses, which may reach
an order close to the tensile strength. During loading, a nonlinear stress strain behavior and
an anisotropic elastic degradation can be observed. Tensile stresses induce progressive
cracks and distinct crack planes develop. The time-dependent displacements because of
creep and shrinkage are in general larger than the displacements caused by external loads.
Considerable effort has been made in recent years in the area of constitutive modeling of
concrete. Until now, no fully accepted model for predicting the load-displacement behavior
under arbitrary loading conditions appears to be available. Nevertheless, models developed
in the 1970ies were already capable of predicting the ultimate strength of concrete exerted
to triaxial loading conditions.
This chapter starts with a brief overview of concrete behavior in general, followed by a
short classification of available concrete models. Then, the model which is implemented
into the software is presented. The phenomenological features and the computational
implementation will be discussed. The [Ottosen (1977)] criterion was employed as the
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failure criterion for compressive failure. Different crack models are available. All of these
are rotational crack models based on plasticity theory. The crack models assume that the
concrete is either brittle or that a softening branch, controlled by the fracture energy, can
be considered. The anisotropy resulting from cracking can also be accounted. Creep and
shrinkage is accounted for by a full integration of the stress history.

5.1 Constitutive Behavior of Concrete
The behavior of concrete, as observed in experiments, is discussed in this section. First,
effects influencing the mechanical properties and the scatter of acquired experimental data
are presented. Then, the mechanical behavior of concrete exerted to compressive and
tensile load is explained. At the end of this section, time-dependent effects (creep and
shrinkage) are discussed. The topic of numerical modeling of the behavior of concrete will
be covered in the subsequent section.
5.1.1 Effects Influencing the Mechanical Parameters

The performance of concrete is dependent on numerous factors. The fuzziness of the
parameters, which are treated as deterministic values in structural analysis, will be
demonstrated in the following.
In order to determine representative material parameters, a homogeneous test specimen is
needed. In fact, neither the specimen itself nor the initial distribution of stresses occurring
during hydration are homogeneous. Further, conventional testing equipment do not induce
an uniform distribution of strains into the specimen. Hence, a variation of the test methods
will cause a scatter in results.
An extensive discussion of such influencing effects is given in [Grübl et al. (2001),
Wesche (1996), Kotsovos/Pavlovic (1995)].
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Loading System

Different types of loading systems are available for applying compression to concrete
specimen: Dry steel plates, lubricated steel plates, brush bearing plates, fluid cushion,
flexible membrane, flexible platens and standard triaxial test equipment is shown in Fig.
5-1 and discussed in [Gerstle et al. (1980)].

Fig. 5-1 Different types of loading systems

Devices with rigid steel plates are most common. Such devices permit application of
uniform normal displacements in the direction of loading. The respective normal stresses
are non-uniformly distributed. The lateral boundary constraint can be assumed rigid
because of the friction between the concrete and the steel plates. A fluid cushion assures
uniform normal stress and free lateral displacements. Consequently, the shear stress on the
surface is zero. The behavior of all other loading systems is ranging between the behavior
of these two devices.
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[Gerstle et al. (1978, 1980)] conducted a round robin test on specimens of the same
concrete and mortar mix, cast in the participants own molds but cured in one laboratory
and shipped under controlled conditions. The specimens were tested at identical age. In
this fashion, it was intended to eliminate variations in the tested material. The results show
a large scatter. Fig. 5-2 presents the failure envelopes for biaxial loading, which were
retrieved from data that were obtained from different loading equipment.

Fig. 5-2 Failure envelope for biaxial loading conditions

[Kotsovos (1983)] normalized the ultimate strength and the respective displacement to
unity in order to study the dependence of the unloading branch on the loading device. Fig.
5-3 shows that the softening regime depends strongly on the loading system.

(a) fc,cyl = 29MN/m2

(b) fc,cyl = 50MN/m2

Fig. 5-3 Dependence of softening on the loading device
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Form and Size of Specimen

In a standard testing system (dry steel plates) the specimen is fully constrained at the ends.
Hence, it is obvious that the strain distribution in the specimen is not uniform.
Consequently the results will strongly depend on the form of the specimen. Fig. 5-5
[Schickert (1981)] shows the compressive strength on the slenderness ratio for two
different loading systems. The solid line represents test data obtained from a test device
with dry steel plates (fully constrained) and the data shown by the dashed line represent
tests with no constrained ends of the specimen (Fig. 5-4).

a)

relative strength f/fc

test device with
test device with
high friction on the ends
negligible friction on the ends
(fully constrained specimen) (unconstrained specimen)
b)

a)
b)

specimen height [mm]
slenderness ratio
Fig. 5-4 constrained and unconstrained specimen

Fig. 5-5 Dependence of the slenderness ratio on the
compressive strength for two different
loading systems

relative strength f / fcube

Fig. 5-6 shows the dependence of the compressive strength on the slenderness of the
specimen. The tests were conducted in a standard loading system with rigid steel plates
[Schickert (1981)].

slenderness ratio
Fig. 5-6 Dependence of the compressive strength on the specimen slenderness
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relative strength

The size of the specimen also affects the ultimate strength. Smaller specimen tested at an
age of 28 days develop more strength as compared to larger ones (Fig. 5-7). Different
phenomena may cause this effect. First, the probability of a flaw is greater in a larger
specimen and second, the core of a larger section will be moister at 28 days [Schickert
(1981), Wesche (1996)]. The influence of moist core may decrease when the specimen
becomes older. Further, the initial stresses are larger for larger specimen. Fig. 5-7 should
be used with care when results from different test procedures need to be related to each
other. Fig. 5-7 only accounts for differences in strength caused by the specimen size,
whereas different test procedures frequently require different curing procedures
additionally to different specimen sizes.

cube side length / diameter of cylinder
Fig. 5-7 Dependence of the Compressive Strength on the specimen slenderness

Material of formwork

An extensive investigation on cubes with a side length of 15cm has shown that cubes cast
into plastic molds develop 6% less strength compared to cubes cast into steel molds.
[Härig (1980)] sees a lower effect of concrete-compaction because of the better damping of
vibrations at the plastic molds. Further, higher concrete temperatures may develop at early
ages because of a better heat insulation provided by the plastic molds.
Casting Direction

The casting direction plays a major role in the deformability of concrete. [Van Mier
(1984)] observed voids underneath the bigger grains. If the specimen is loaded parallel to
the direction of casting, the concrete behaves ca. 20% softer as concrete which is loaded
perpendicular to the casting direction. The transversal strains (e2, e3) do not deviate from
each other if the specimen is loaded in parallel direction, but the transversal strains will
deviate up to 70% if the specimen is loaded in the perpendicular direction.
However, this anisotropy affects only the deformability. The ultimate strength is hardly
affected.
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direction of casting

voids
(pre-damaged) zones
direction of loading
direction of loading

load induced cracks

parallel loading

load induced cracks

perpendicular loading

Fig. 5-8 Development of micro-cracks dependent on loading direction

Moisture

Moist can reduce the strength of concrete up to 10% for standard concrete with a lower
water-cement ratio. This reduction may rise up to 40% for low strength concrete with a
high water cement ratio. It is assumed that water reduces the internal friction and the
adhesion forces within concrete beside other effects. However, this decrease of the ultimate
strength is reversible. A drying process of moist concrete re-establishes the original
strengths.

Time Effects, Rate of Loading

Fig. 5-9a&b show the dependence of strength on the rate of loading according to
[Wesche/Krause (1972), Sparks/Menzies (1973), Popp (1977), Hughes/Watson (1978)].
The change of strength is almost linear on a logarithmic time scale. Fig. 5-9b shows that
the strength increases up to a factor of two or more for impact loading. A loading rate of
0.5MN/(m2·s) corresponds to the compression test given in DIN 1048/1.
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loading rate

s& in MN/(m²·s) (logarithmic)

loading rate

s& in MN/(m²·s) (logarithmic)

a)

b)
Fig. 5-9 Effect of the loading rate

Fig. 5-10a shows the development of strength under sustained load. The effect of
increasing strength by hydration is counteracted by the decrease of strength under
sustained load, [Rüsch et al. (1962), MC90, fib1].
Fig. 5-10b shows the limit strength and strain of concrete with t0 = 56 days under sustained
load, [Rüsch (1960), MC90, fib1]. It is seen that about 85% of the ultimate load applied
over 100 minutes causes the specimen to fail. It may be assumed that this effect leads to
the reduction of the compressive strength to fck·a and a = 0.85 in [EC2] for the ultimate
load analysis.

a) Development of strength under sustained load

b)Strength under sustained load

Fig. 5-10 Strength under sustained load

In a similar manner the tensile strength depends on the duration of loading as the
compressive strength shown in Fig. 5-11 by [Al-Kubaisy/Young (1975)]. Design codes
require in general that the tensile strength of concrete must not be considered for the
ultimate state. However, there exist certain exceptions: A posterior retrofit is often glued to
the concrete surface and forces can be transferred only by shear in the concrete cover
between the member and the retrofitting material. Shear stresses cause tensile principal
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relative strength

stress components. Another example are tensile concrete stresses which arise in slightly
curved members in consequence of turn around forces of the main reinforcement. Some
design codes [ON B4700] allow to consider the concrete for sustaining these tensile
stresses. In such situations, the engineer should be aware of the time effect shown in Fig.
5-11 since the utilization of tensile strength will be high because of low tensile strength of
concrete materials.

minutes
Fig. 5-11 Failure of concrete under sustained tension

5.1.2 Tensile Behavior

The tensile behavior of concrete is linear up to about two thirds of the tensile strength.
Beyond this limit, pre-existing microcracks start propagating. Microcrack planes develop
perpendicular to the loading direction and are uniformly distributed over the specimen
(Fig. 5-12a, [Duda (1991)]).
Shortly before the ultimate load is reached, additional microcracks accumulate in a weak
region of the specimen forming a microcrack band of width h as illustrated in Fig. 5-12b. It
is characterized by strains, which are considerably larger than the strains in the remaining
part of the specimen.
Beyond the ultimate load, the crack band localizes and a softening regime develops (Fig.
5-12c). The crack band width h decreases and the strains increase considerably. In the
remaining intact part of the specimen the strains are decreasing and unloading is occurring.
Hence, the performance in the softening regime can be described by the sum of the stressstrain relation of the two separated concrete parts and of the discrete crack width h. If the
performance is shown in the stress-strain diagram (Fig. 5-13a), the softening regime shows
a dependence of the specimen length. However, the stress-elongation diagram is almost
independent of the specimen length as shown in Fig. 5-13b. Thus, either a constitutive
model must account for the discrete crack or the specimen length has to be considered in
the stress-strain relation.
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It can be concluded that tensile cracking is an anisotropic material phenomenon similar as
compressive cracking. However, if tensile cracking has occurred in one direction, the
material will still be intact in the perpendicular directions.

Fig. 5-12 Tensile behavior of concrete, [Duda (1991)]

a)

b)

Fig. 5-13 Stress-strain and stress-elongation diagram for different specimen lengths

5.1.3 Compressive Behavior of Concrete

The behavior of concrete subjected to compressive loading is characterized by the
development of cracks. Initial microcracks are present at the interface between the
aggregates and the cement matrix even before any external load is applied to concrete.
During hydration and subsequent shrinkage, the volume of the cement matrix changes and
tensile stresses arise. These tensile stresses cause randomly distributed cracks.
During loading, these micro-cracks will continuously propagate. On the macroscopic level
the mechanical behavior can be characterized initially as linearly elastic. With increasing
load, the development of cracks cause anisotropic degradation. The stages from the onset
of loading until the ultimate strength can be subdivided in three stages as shown in Fig.
5-14 [Kotosovos/Newman (1979)].
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Stage I
The elastic deformation is dominant from onset of loading up to 30 ÷ 70% of fc. The lower
limiting value applies for low strength concrete and the higher value applies for highstrength concrete. There is only a small increase of microcracks and the material behavior
is approximately linear, i.e., the stresses depend linearly on the strains.
When the external load is applied, microcracks additional to those pre-existing are formed
at isolated points in the material where the tensile stress concentrations are highest in
consequence of the incompatible deformations of the aggregates and the cement-paste.
During this stage, the microcracks remain stable and do not propagate.
With increasing load tensile strains start to concentrate near the crack tips and the initially
stable microcracks start to branch in the direction of the maximum principle compressive
stress. This branching process tends to relief strain concentrations. Once strain
redistribution has occurred, the individual crack configurations remain stable during
further increase of the applied stress. The start of such deformational behavior is termed
LFI (local fracture initiation) by [Kotsovos/Newman (1981)], compare Fig. 5-15. The
beginning of this local fracture initiation is shown by a dotted line in the stress and the
strain space (in the Rendulic or triaxial plane) for the triaxial loading in Fig. 5-16.
Stage II
In this stage the existing cracks propagate in the direction of the compressive load in a
relatively stable manner. If the applied load is held constant, crack propagation does not
continue. Thus, the void formation results in an increase of volumetric strain. This
behavior is termed as OSFP (onset of stable fracture propagation) in Fig. 5-15.
Stage III
The degree of cracking can reach a level, at which the crack system becomes unstable and
failure occurs even if the load remains constant over a relatively long time. The start of this
stage is termed as OUFP (onset of unstable fracture propagation) in Fig. 5-15. The load can
still be increased beyond this point to the ultimate surface (US), but the amount of increase
is dependent on the rate at which the load is applied.

A distinct border-line between Stage I and Stage II cannot be defined. Between Stage II
and Stage III, however, such a border-line can be defined. It is this load level at which the
volumetric strain of the material is a minimum. This point of minimum volume can be seen
very clearly in Fig. 5-17, [Kupfer et al. (1969), Kupfer (1973)]
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Fig. 5-14 Stress strain diagram for a triaxially loaded concrete, [Kotsovos/Newman (1979)]

Fig. 5-15 Stages in the progress of crack development under compressive load, [Kotsovos/Newman (1981)]

Fig. 5-16 Typical LFI, OSFP, and US envelopes in stress space and strain space [Kotsovos/Newman (1981)]

a) stress / strain diagram
b) stress / volumetric-strain diagram
Fig. 5-17 Stress strain diagram for a triaxially loaded concrete, [Kupfer (1969)]
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[Newman (1973)] explains the described failure process in a similar way, compare Table
5-1.

Table 5-1 Failure process occurring when concrete is subjected to load, [Newman (1973)]

We can conclude that compressive failure is initiated by an anisotropic degradation and the
crack planes develop parallel to the loading direction. The ultimate strength depends on the
3D state of stress. With increasing confining stress (hydrostatic stress) the sustainable
deviator stress increases considerably. The failure envelope (but not the initiation of
cracking) is nearly independent on the stress path along which the ultimate envelope is
approached for monotonic loading. Load reversals or non-proportional loading at highstress levels may result in a significant decrease of the ultimate strength which is obtained
at monotonic loading. The ultimate strength is not subjected to considerable scatter for
monotonic loading situations. If the associated strains are studied, a much higher scatter
will be observed.
Because of the described nature of data, a mathematical model should be considered which
is capable of describing the ultimate strength considerably well. An offset of predicted
strains to observed strains at high load levels does not necessarily render the model as bad.
A considerable scatter of measured data is usually observed.
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5.1.4 Shrinkage and Creep
Shrinkage

Shrinkage is the time-dependent volume change of concrete without any external loads
acting. The total shrinkage deformation may be split into four different components.
Plastic shrinkage (capillary shrinkage) occurs when water is lost from concrete while it is
still in its plastic state. Plastic shrinkage may be avoided in most practical cases by using
proper concrete compositions, casting and curing procedures. Note: In this context
“plastic” is used as synonym for this state before the solidification of the concrete has
started.
Carbonation shrinkage is caused by the reaction of hydrated cement paste with carbon
dioxide in the air when moisture is present. The contribution of carbonation shrinkage is
limited to the outer zones and is negligible in most cases.
Drying shrinkage is caused by the reduction of the water content in the concrete to the
level of moisture content in the surrounding environment. The diffusion of absorbed
capillary water causes a change in capillary stresses, surface energy of hydration products
and a change of the disjoining pressure between the hydration particles, [Wittmann
(1977)]. The rate of drying shrinkage is dependent on the member size since small sections
lose moisture at much higher rate than thick sections. However, the final value of drying
shrinkage should be independent of member size, although a thick section may reach the
final shrinkage value only after centuries. When concrete is subjected to alternative wetting
and drying, the strains are only partially reversible.
Fig. 5-18 shows different stages of a section cured at 100% moisture content and then
exposed to 50% moisture content in the surrounding environment. The lower left figure
shows the moisture potential. It is 0.50 at the surface and decreases with time in the interior
regions. At t = ¥ the moisture potential is 0.50 throughout the entire section. The upper
right figure shows the respective unrestrained shrinkage strain ecs,i, which is related to the
distribution of the moisture potential. Except for the member ends, the section of a member
remain plane. Hence, an elastic strain will occur and stresses will be produced. These
stresses are shown in the lower figure on the right side of Fig. 5-18.
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Fig. 5-18 Moisture, strain and stress distribution in consequence of drying shrinkage

Autogenous shrinkage (self-desiccation shrinkage or chemical shrinkage) is associated
with the ongoing hydration of cement. The volume of the hardened cement paste is less
than the volume of water and the volume of cement. In addition, self-desiccation, which
causes pore stresses, occurs during hydration within the concrete paste. These pore stresses
are accompanied by an additional volume reduction. Autogenous shrinkage is independent
of the member size and the moisture content in the surrounding environment.
Autogenous shrinkage increases significantly for water cement ratios > 0.40. High contents
of C2S (Dicalcium Silicate) and low contents of C3A (Tricalcium Aluminate) and C4AF
(Tetracalcium Alumino Ferrite) in the cement reduce autogenous shrinkage. Silica fume
results in an increase of autogenous shrinkage and fly ash in a decrease. Autogenous
shrinkage is small compared to drying shrinkage for normal strength concrete. However,
for high-strength concrete autogenous shrinkage is the dominant component of shrinkage
as shown in Fig. 5-19.

Fig. 5-19 Shrinkage split into the components of autogenous and drying shrinkage, [fib1]
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Creep

Creep is the term for the time-dependent increase of strain at constant stress. The physical
reason for creep is a re-arrangement of water particles in consequence of loading. Thus, the
creep behavior is governed primarily by the cement paste. Creep will increase if the ratio
of cement paste is high compared to the aggregates or if the aggregate stiffness is small.
Also a large water cement ratio will cause large creep strains.
The total creep strains ecc are split into different phenomenological components. This split
is done in different ways by different researchers.
One way is to split creep into a reversible component, which may be recovered upon
unloading and into an irreversible component as shown in Fig. 5-20, [Grübl et al. (2001)].
The reversible component is referred to as delayed elastic strain ecd and the irreversible
component is flow ecf.

Fig. 5-20 Definition of creep strain components

Another way is to split creep into the basic creep and the drying creep component. The
amount of basic creep eccb is obtained, if the specimen is loaded under sealed conditions.
An identical specimen loaded in an environment with moisture content lower than 100%
experiences drying creep in addition. Fig. 5-21 shows that high-strength concrete develops
less creep strain compared to normal-strength concrete. Especially the drying creep
component is much lower for high-strength concrete.
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Fig. 5-21 Development of creep strains for normal strength and high-strength concrete

A third way is to split creep into short-time creep and long-time creep. Short time creep is
explained by stress-induced redistribution of water and long time creep is caused by
displacements of particles in the hardened cement paste, [Wittmann (1985)].
Interrelation of Shrinkage and Creep

In most models, shrinkage and creep are treated as independent phenomena. [Wittmann
(1985)] shows in Fig. 5-22 the dependence of shrinkage strains on stresses resulting from
external applied loads. Wittmann does not split the time dependent deformations into creep
and shrinkage. In his opinion the total time-dependent deformation should be viewed
instead. However, the split bears some advantages in modeling the phenomena and Fig.
5-22 shows that the final value of shrinkage is hardly affected by the external applied
stresses.

Fig. 5-22 Dependence of shrinkage on external applied stresses
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5.2 Models for Time-Independent Concrete Behavior
Intensive research was conducted in the last decades on constitutive laws for concrete.
However, for concrete subjected to arbitrary loading paths no generally accepted model
seems to be available so far.
Most models are calibrated for selected sets of experimental data. For some models, no
comparison of the results from re-analysis of other experimental results with the latter is
available. Different model predictions for one experiment, which were conducted within a
round robin tests, are available on a limited basis.
A comprehensive review of models for concrete can be found elsewhere [Chen et al.
(1993), Hofstetter/Mang (1995), Meschke (1991), Eberhardsteiner et al. (1987),
Eberhardsteiner (1991)]. Here, only a very brief classification of the available models is
given.
5.2.1 Elasticity-Based Models
Isotropic Linear-Elastic Models
+ simple and clear from a conceptional viewpoint; only two material parameters are

required: Young’s modulus E and the Poisson’s ratio n
+ appropriate for tensile loading (before cracking is initiated) and for moderate
compression loading
- poor for high compressive stresses
Cauchy-Elastic Model

In general, such models have the form
σ = f (ε )

Eq. 5-1

Most models proposed for one-dimensional concrete behavior are of this type.
+ simple to use
- Such models may generate energy under certain loading-unloading cycles, unless care
was attached to this issue when the model got developed theoretically. Generating
energy is inadmissible since it violates the laws of thermodynamic.

Helmut Hartl

88

5 Modeling of Concrete
Hyperelastic (Green-Elastic) Model

A hyperelastic model is based on the postulate of the existence of a strain-energy density
function F or on a complementary energy density function W. The stress-strain relations
are defined by
σ=

¶F
¶ε

or

ε=

¶W
¶σ

Eq. 5-2

+ No energy can be generated through any load cycle and thermodynamic laws are

always satisfied.
- The material parameters have no physical meaning. Hence, it may be difficult to obtain

them.
Hypoelastic Model

In the models presented above the total stress is a function of the total strain. Thus, such
models are independent on the loading path leading to the current state. In hypoelastic
models the material behavior is described in terms of increments of stresses and strains.
Such models are dependent on the deformation history. Conceptually, such models are
capable of accounting for the material anisotropy at high loads. However, the formulation
may become rather complicated. Such models are aimed to describe the nonlinear behavior
of concrete at moderately high load levels, i.e., at load level before anisotropic behavior
becomes significant.
Variable Moduli Model

Until now, no distinction was made between loading and unloading. Variable moduli
models employ a loading surface in order to make such a distinction. When the new
increment gives a stress state within the loading surface, unloading is assumed. If the new
stress state is outside the loading surface, loading is assumed. Dependent on loading or
unloading, different material moduli are employed. Such models may be useful for
engineering problems. However, they are not based on solid mechanical foundations.
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5.2.2 Plasticity-Based Models
Classical Plasticity Models

Such models employ a yield surface, a flow rule, a hardening rule, and a failure surface.
Comprehensive fundamentals of classical plasticity are given by [Melan (1938)]. For more
recent literature, reference is made to [Lubliner (1990)].
The [Ottosen (1977)] model, which is implemented in this program for concrete crushing,
is based on the classical plasticity theory. It will be presented in section 5.3.
Elasto-Plastic Fracture Models

Within classical plasticity theory, unloading from a given stress state on the yield surface
and reloading to the same stress state on the yield surface is characterized by elastic
material behavior. It is described mathematically by the rate equation
σ& = C ( ε& - ε& pl )

Eq. 5-3

This formula may be correct for ductile materials. However, for concrete it may be argued
that such a load cycle will cause continued microcracking, which is accompanied by a
decrease of the elastic moduli. The plastic fracturing theory is an extension of the classical
plasticity theory. It accounts for the degradation of the elastic material moduli with
increasing deformation such that
&
σ& = Cε& el + Cε
el

Eq. 5-4

& denotes the rate of degradation of the elastic material moduli.
where ε& el = ε& - ε& pl and C

For neutral loading, inelastic material behavior is obtained as well. This agrees better with
the observed material response than classical plasticity indicating elastic behavior for such
a case.
Endochronic Models

Such models can be regarded as a more sophisticated type of visco-plasticity, characterized
by the dependence of the viscosity on the strain rate in addition to its dependence on stress
and strain. The endochronic theory is able to predict material behavior under nonproportional loading with pronounced rotations of the principal stress. However, there are
very few experimental data existing for such loading paths. Moreover, it is difficult to
obtain the large number of material parameters. The origin of this theory was proposed by
[Valanis (1971)].
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5.2.3 Damage Mechanic Models

Continuum damage mechanics, based on thermodynamics, can be used to model the
progressive propagation and concentration of microcracks in concrete. It is assumed that
stiffness degradation is caused by material damage. Usually, two types of variables
representing damage are employed. One variable accounts for isotropic or scalar damage,
which is related to the collapse of the microporous structure of the material. The other
variable accounts for the anisotropic or tensorial damage, which is related to the
coalescence of microcracks and microvoids in the material. A review about this concept is
given in [Lemaitre (1986), Chaboche (1988a, 1988b)]. For recent textbooks reference is
made to [Lemaitre (1996), Kattan/Voyiadjis (2002)]. A recent model for concrete materials
based on damage mechanics was presented by [Meschke et al. (1998)].
5.2.4 Microplane Models

Theses type of models project the strain tensor for a material point to numerous spatially
oriented planes containing this point. The constitutive relations are formulated for each one
of these planes. Thus, the stresses acting on these planes are obtained. By integrating these
stresses, the unique stress state acting at this material point is obtained. Predictions based
on these models are good but the parameters are difficult to obtain for concrete. Such
models were first proposed by [Bažant/Gambarova (1984), Bažant/Prat (1988)]
5.2.5 Crack Models

Some of the aforementioned models do not account sufficiently well for the tensile
behavior of concrete. Thus, the models are often combined with a crack model, as will be
discussed in the following.
In plain concrete structures, cracking is the dominant source for nonlinear material
behavior. Hence, it needs to be treated with care. In reinforced/prestressed concrete
structures, a sophisticated crack model is of less importance regarding the bearing capacity
since the load-bearing behavior of the tensile regions is primarily controlled by the
reinforcement after cracks have developed. Although a crack model is obviously needed, it
is not so important which crack model is employed. However, for accurate predictions of
the displacements and stresses a adequate modeling of cracking is indispensable.
The initiation of cracking may be controlled by a strength criterion. The tensile behavior
within the failure envelope may be assumed to be elastic. This agrees well with
experimental observations. After a crack has initiated, the evolution of tension softening is
preferably described by means of fracture mechanics.
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Two types of models are available in the literature: One is based on the smeared crack
concept. This concept is very popular and can be applied to most engineering situations.
The other one is the discrete crack model.
Discrete Crack Models

Such models can account for the discrete crack occurring between two adjacent concrete
faces. Once a crack is indicated, common nodes are separated. Moving the mesh nodes
such that the crack plane becomes perpendicular to the crack axis is optional but improves
the objectivity of the results. Commonly, joint elements are introduced between the
separated element nodes. The stiffness of such joint elements is dependent on the crack
width.

Fig. 5-23 Discrete crack model, common nodes are separated

Such discrete crack algorithms are computationally costly since the domain has to be
redefined if a crack occurs. An alternative method was presented by [Grootenboer et al.
(1981)] introducing discontinuous interpolation functions for the elements so that the mesh
need not be redefined if a crack occurs. A drawback of this method is that additional
degrees of freedom are required by default for every element.
Discrete crack models are well suited for situations where the material behavior in the
vicinity of cracks is of interest and for situations with only a few dominant cracks. These
models are not generally applicable and become sophisticated when propagating cracks are
studied in a 3D domain, [Bittencourt/Ingraffea (1995), Riddell et al. (1997)].
Smeared Crack models

Within the smeared crack concept, cracking is accounted for at the integration points. The
cracks are assumed to be smeared over the proportionate regions of integration points. This
is obviously an incorrect representation of cracks and therefore the material behavior is
modeled poorly in the vicinity of cracks. However, such models allow a good
approximation of the global structural behavior.
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It is evident from Fig. 5-13 that tension softening of concrete needs to be defined in terms
of a stress-elongation relation in order to obtain mesh-independent results. However, only a
stress-strain relation can be assigned to an integration point in a finite element. This
difficulty may be overcome by introducing the fracture energy concept [Hillerborg et al.
(1976)].
Smeared crack models can be classified as:
Fixed Orthogonal Crack Models
Once a crack has been initiated the crack direction is stored and kept fixed for the
subsequent analysis. Additional cracks are considered to be perpendicular to the plane of
the crack that has already developed. Hence, a maximum of three crack planes may
develop at each integration point. If the principal directions are rotating during the further
analysis shear stresses will develop on the crack plane. In the literature this situation is
known as mode II cracking.
It is evident from experiments that cracks do not only develop perpendicular to each other.
Hence, fixed crack models may predict wrong crack directions and may overestimate the
stiffness and the ultimate load. However, this will be insignificant as long as sufficient
reinforcement is present and the rotation of the principal axes is small.
Fixed Non-orthogonal Crack Models
Crack models are not restricted to orthogonal cracks. A new crack plane may develop as
soon as the principal axes have rotated beyond a threshold angle. The information of all
previously developed crack planes must be stored.
Such models are computationally costly and difficult to implement. Choosing the right
threshold angle is a matter of experience.
Rotating Crack Models
In such models, the crack planes are rotating with the principal axes. Hence, the shear
stresses are always zero on the crack planes. Since such a rotation of crack planes cannot
be observed in concrete, such models show a tendency of being on the safe side when
encountering the ultimate load and significant rotations of principal axes are involved.
In general, such models are conceptually simple. All needed parameters can be acquired
straightforwardly. Some models based on plasticity theory are implemented in this work.
They will be discussed in detail in the next section.
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5.3 Employed Model for Concrete
In section 5.1 it was pointed out that material data of concrete are characterized by a
significant scatter. Comments made by [Gerstle et al. (1980)] should be noted at this point:
“Considerable scatter of measured strains under applied multiaxial stresses must be
expected for concrete, no matter which test method is used. This scatter is diminished
considerably by absence of constraints on the specimen boundaries.” and “Concrete
response to multiaxial stress states at working load level can be considered elastic for
engineering purposes”.
Some additional conclusions may be drawn:
Ø An advanced model may serve as an excellent tool only if the concrete and the loading
situation are well known. However, no improvement of the results should be expected
if an advanced model is used for dealing with standard structures, where only minimal
information about the concrete is available. In such cases it may be better to employ a
simple but robust model.
Ø The time-independent behavior of concrete is nearly linear up to a stress level of about
0.40·fcm for normal strength concrete. For high-performance concrete this limit is even
higher.
Ø The ultimate strength of concrete can be predicted well by path-independent failure
surfaces in the stress space.
Therefore, a rather simple model was implemented in this work. Concrete is assumed to
behave linearly elastic and isotropic up to failure described by the [Ottosen (1977)]
surface. In the tensile regime this surface is combined with Rankine planes. A realistic
load-displacement prediction may be expected as long as the compressive concrete stress
does not exceed stress levels, which are significantly beyond 0.40·fcm over extended
regions within the domain. This is not a severe drawback of the model since under service
load conditions engineering structures experience hardly stresses beyond this level.
Beyond this load level, the tensile reinforcement usually starts to yield and a necking effect
in the compressive concrete zone is initiated. However, collapse is finally caused by
yielding of the reinforcement and not by crushing the concrete. Thus, the ultimate load
level can be predicted well in most cases since the reinforcement and not the concrete is
the weak part of the structure. This fact is even a requirement of modern design codes, e.g.
[EC2]. The respective displacements at ultimate load will be under-estimated because of
the elastic concrete behavior within the [Ottosen (1977)] surface. However, this effect will
be counteracted by numerical effects as shown in a case study at the end of this chapter in
section 5.6. The Ottosen surface is employed for compressive failure of concrete since the
model parameters can be obtained knowing only the uniaxial compressive strength of
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concrete fcm [Dahl (1992)]. The parameters can be obtained as well by recommendations
given in [MC90] when the uniaxial tensile strength fctm is known in addition.
5.3.1 Cracking

Several smeared crack models, which are based on plasticity theory, are available in the
developed program. In all models, the crack planes are assumed to rotate co-axially with
the rotation of the principal axes. The models are either as isotropic or anisotropic.
Advanced crack models which describe the nature of cracking more realistic are not
available in the program. The program is designed for reinforced/prestressed concrete
structures that are at least reinforced by the minimum reinforcement which is required by
design codes. In such structures the load-bearing behavior of the tensile regions is
primarily controlled by the reinforcement after cracks have developed. Hence, a simple
crack model seems to be sufficient for analyzing such structures.
The Rankine criterion is employed as the failure criterion:

max (s 1 , s 2 , s 3 ) - f t = 0
Eq. 5-5

or
( 2 × 3 × J 2 cos (q ) + I1 - 3 × ft = 0 )

Fig. 5-24 Rankine criterion in

a) 3D space

b) octahedral plane

c) 2D plane, [Mang/Hofstetter (2000)]

The Rankine criterion does not consider any interaction effect between the three principal
stresses. Therefore, the yield condition can be checked independently for each principal
stress component.
For tensile loading, concrete behaves nearly linearly elastic up to the failure. Hence,
generally, strain hardening need not to be considered. In this work strain hardening was
disregarded. Once the failure surface is reached, concrete may yield at a certain amount of
strain, followed by a decrease of strength in the direction of the respective stress. In the
other directions the full tensile strength may not have been reached and the full tensile
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strength is still available in these principal directions. A stress induced orthotropic material
behavior is initiated.
When further loading causes a rotation of principal stress axes, the principal strain axes
cease to co-incide with the directions of the principal stress axes. This is the consequence
of the beginning anisotropy [Bažant (1983)]. If the stresses are compared to the uniaxial
stress strain relation, the stresses must be computed along the principal stress axis where
the shear stresses vanish. However, the strains along these principal stress axes are no
principal strains. This deviation of the principal strain directions from the principal stress
directions can be avoided by introducing a modified shear modulus as proposed by [Bažant
(1983)]. In this work, the deviation of principal strain directions from principal stress
direction upon stress tensor rotation is neglected and the constitutive behavior is
considered in principal stress / associated strain diagrams. No error will be introduced as
long as the principal axes do not rotate. In many structures, the rotation of principal axes is
insignificant. Additionally, the performance of cracked reinforced structures is primarily
controlled by the reinforcement and not by the cracked concrete in the softening regime.
An error may be introduced, if sparsely reinforced structures are subjected to such loading
conditions, which cause a significant rotation of the stress tensor. However, in such a case
the applicability of the rotating crack concept should be questioned.
In the developed computer program the following stress-strain relations are available in
principal direction.
Perfect Tensile Yielding

fctm·TCO

b ·epl,max
Fig. 5-25 Perfect yielding at tensile loads

This is by far the simplest model available in the program. The tension stress is limited to
fctm times a tension cut-off factor (1.0 ³ TCO > 0.0). The tensile strength fctm is a material

property and the inherent value has to be provided as input since fctm affects the
compressive envelope as well. Thus, a reduction of the allowed tensile stress can be
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achieved only by scaling the tensile strength fctm via user-defined tension cut-off factor
(TCO).
In the program this model is referred to as “Crack Model 1 - perfect yielding”. It does not
describe concrete behavior under tensile loading properly since the tension softening effect
is not accounted for, but it is the most robust model available. The tensile strength is
always available. Therefore, the ultimate load is overestimated by this model. However,
the displacements of the global structure may be accounted for considerably well, when a
proper TCO value is provided. A tension cut-off value in the range of TCO = 0.20 ÷ 0.50
might be a good first guess, but the scatter is large.
At unloading, crack closing is taken into account by reducing the plastic strain increment
and a path as illustrated by the dashed line in Fig. 5-25 is followed. The amount of crack
closing is controlled by b. An irreversible crack corresponds to b = 1.0 and a completely
recoverable crack corresponds to b = 0.0. According to [Reinhardt (1984) and
Dahlblom/Ottosen (1990)], b = 0.20 may give realistic results.
Rotating Brittle Crack Model

eyt
fctm·TCO

fctm·rTCO
b·epl,max
Fig. 5-26 Brittle crack behavior

This is also quite a simple model. It is assumed that concrete cracks in a brittle fashion,
once a certain amount of tensile flow eyt is exceeded. No softening branch is considered at
all. The user can provide a tension cut-off factor (1.0 ³ TCO > 0.0) in order to scale the
maximum allowable tensile stress. The tensile strength fctm must not be reduced since this
would also affect the compressive envelope. A certain residual tensile capacity may be
provided also by the user (TCO > rTCO > 0.0) if convergence problems are encountered.
Case studies have shown that, in general, this value is of no importance for a stable
analysis. The residual tension cut-off value results in modeling softening or aggregate
interlock in a phenomenologically inappropriate way. However, the results are reasonable
and the analysis is stable.
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At unloading, crack closing is taken into account by reducing the plastic strain increment
and a path as illustrated by the dashed lines in Fig. 5-26 is followed. The amount of crack
closing is controlled by b. An irreversible crack corresponds to b = 1.0 and a completely
recoverable crack corresponds to b = 0.0. According to [Reinhardt (1984) and
Dahlblom/Ottosen (1990)], b = 0.20 may give realistic results.
This model can be employed in an isotropic or in an anisotropic fashion. The isotropic
version is referred to as “Crack Model 2 - rotating isotropic brittle”. Thus, once a crack is
initiated in one direction, the tensile strength in the other directions is reduced as well. In
the anisotropic version, “Crack Model 4 - rotating anisotropic brittle”, the tensile strength
is only reduced in the cracked direction and intact material is considered in the other
directions.
Rotating Softening Model

eyt
fctm·TCO

Gf /l

fctm·rTCO

b ·epl,max
Fig. 5-27 Illustration of tensile softening

This is the most realistic crack model, which is available in the program. Concrete is
assumed to behave linearly elastic up to the tensile limit. The user can provide a tension
cut-off factor (1.0 ³ TCO > 0.0) in order to scale the maximum allowable tensile stress.
The tensile strength fctm must not be reduced since this would affect the compressive
envelope as well. After a certain amount of tensile flow eyt has occurred, strain-softening is
accounted for in a bilinear fashion in the context of the cohesive crack concept, as
described in the following. The employed model is the one recommended in [MC90]. In
the implementation the stress obtained from the model is limited such that TCO·fctm ³ fct ³
rTCO·fctm.
If this model is employed in the anisotropic version - “Crack Model 5 - rotating anisotropic
softening” the material behavior is accounted for in the best way available in the program.
In contrast, “Crack Model 3 - rotating isotropic softening” reduces the tensile strength in
all three directions after crack initiation started in one direction.
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The Cohesive Crack Concept

This energy balance approach assumes that a certain amount of fracture energy GF is
absorbed by the formation of a unit area of crack surface. A certain amount of this
absorbed (stored) energy will be released as the crack propagates. It is assumed that at the
crack tip the tensile strength fctm has been reached and that the strength decreases to zero as
the crack is opening, as shown in Fig. 5-28.

Fig. 5-28 Illustration of the cohesive crack model

The specific fracture energy is this amount of energy, which is released if the crack is
extended by a unit area, starting at a fully closed crack (w = 0, ft = fctm) up to a fully open
crack (w = wc, ft = 0). Thus, the fracture energy can be formulated as
wc

GF = ò s ( w) × dw

Eq. 5-6

0

A typical stress / crack-opening relation is shown in Fig. 5-29a. In Fig. 5-29b models are
shown, which have been developed by different researchers for the stress / crack-opening
relation. The reader may justify that the experimental scatter is of the same order as the
differences between the proposed models. Hence, none of these models can be identified to
be better than another one. The recommendations of [MC90], which are shown by a blue
lines in Fig. 5-29b for maximum grain size of 8, 16, and, 32mm, are employed in the work.

a) observation in experiments

b) proposed models

Fig. 5-29 Typical stress / crack opening relations for concrete,
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The area under the stress / crack-opening relation can be regarded as the specific fracture
energy GF. Instead of performing tests for every concrete in order to obtain the specific
fracture energy, the following recommendations are given in [MC90, fib1] for GF.
æ f ö
GF = GFo ç cm ÷
è f cmo ø

0.7

GF = 4.30 × GFo

for

fcm £ 80 MPa

for

fcm > 80 MPa

Eq. 5-7

where fcmo = 10MPa and GFo is the base value of fracture energy according to Table 5-2.
Typical values for the fracture energy are ranging between 40 and 200 [Nm/m²]. It should
be noted that neither in [MC90] nor in comprehensive body of the open literature the units
are employed consistently. The strength parameters are given in [MPa = MN/m²] and the
specific fracture energy is presented in [Nm/m²]. In this work, this bad practice is followed
in order to work with values, which are familiar when compared to values reported in the
literature.
dmax [mm]

8

16

32

GFo

25

30

58

aF

8

7

5

(max grain size)

Table 5-2 Base value of fracture energy GFo [Nm/m²] and coefficient aF acc. to [MC90]

The bilinear stress / crack-opening diagram according to [MC90] is shown in Fig. 5-30.

Fig. 5-30 Stress / crack-opening diagram according to [MC90]

The tensile stress acting on a propagating crack can be computed by
æ
wö
s ct = f ctm ç 1 - 0.85 ÷
w1 ø
è

for

w -w
s ct = f ctm × 0.15 c
wc - w1

for
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where
w1 = 2

GF
- 0.15 × wc [mm]
f ctm

G
wc = a F F
f ctm

[mm]

(GF in [Nmm/mm²] and fctm in [MN/m²])
Eq. 5-9

(GF in [Nmm/mm²] and fctm in [MN/m²])

Example: C30/37, dmax (max grain size) = 16mm Þ GFo = 30Nm/m², a = 7
æ 38 ö
GF = 30 ç ÷
è 10 ø

0.7

= 76.4 Nm / m 2

wc = 7

76, 4
= 0.184mm
1000 × 2.9

w1 = 2

76.4
- 0.15 × 0.184 = 0.025mm
1000 × 2.9

The strain at an integration point in the cracked material regime can be written as the sum
of the elastic strain eel and the crack width w divided by a characteristic length L associated
with this point:
e = e el +

w
L

Eq. 5-10

L is referred to as the equivalent crack length. The meaning of this quantity becomes
obvious from Fig. 5-31a. For more complex situations empirical rules are shown in Fig.
5-31b, [Dahlblom/Ottosen (1990)].

a)

L1

L1

L1

b)
Fig. 5-31 Equivalent crack length

An advanced way for an automatic definition of the crack length dependent on the element
layout and on the expected crack direction is given by [Oliver (1989)]. However, so far this
approach has not been implemented in the program.

Characteristic Crack Length
At crack propagation, plastic deformations are increasing in the crack whereas elastic
strains are decreasing in the remainder. The crack process is stable as long as for a given
strain increment, the increase of plastic deformations is larger than the amount of
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recovered elastic strains, i.e., (Dw/L > Deel). Otherwise, a sudden rupture will take place
because of a snap back resulting from elastic strains recovered in the experiment. The
program cannot account for this situation. A situation such as the one illustrated in Fig.
5-32 is assumed.
The characteristic length lch is defined as half of the length of a specimen in which just
enough elastic strain energy has stored to create a complete fracture surface (under the
assumption of a linearly decreasing stress / crack-opening relation) as illustrated in Fig.
5-32. This limiting situation is described by
f ctm w1
=
E
lch

Eq. 5-11

Eq. 5-11 can be re-arranged such that
E × w1 f ctm
×
f ctm f ctm

lch =

Eq. 5-12

The fracture energy can be computed for this linear case considering Eq. 5-6 as
1
× f ctm × w1
2

GF =

Eq. 5-13

and the formula for the characteristic length is obtained as
Eci × G f

lch =

[mm]

2
f ctm

Eq. 5-14

A decrease of the characteristic length is an indication of increased brittleness.
The brittle crack models in this work (“Crack Model 2 & 4”) assume always the limiting
case of L = lch. Thus, these models are not objective to the mesh size. A larger fracture
energy is tacitly assumed with increasing element size.
fctm

s

fctm

+
E

e

s

fctm

=

GF

Dl
w1

s

GF /(2·lch)
E
w1 /(2·lch)

Fig. 5-32 Illustration of the characteristic length lch
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Rotating the Axes of Anisotropy

As already mentioned in the introduction to section 5.3.1, cracking is described in the
principal stress space of the considered material point. In order to check the constitutive
relation, the following values need to be known: stresses, corresponding plastic strains and
maximum plastic strains. The maximum plastic strains are the largest plastic strains, which
have ever occurred in any previous increment of the load history and are needed for
distinguishing if loading or unloading takes place. It is known from the introduction to
section 5.3.1 that in the anisotropic crack models the principal stress axes and principal
plastic strain axes do not rotate co-axially. Hence, instead of computing principal plastic
strains, plastic strains along the principal stress axes are computed. Consequently, shear
components will appear in addition. These components do not affect the current iteration
step since only the strain components along the principal stress axes are needed in order to
return the stress at the material point to the constitutive relation. After the update of the
plastic strains and of the stress state, a projection of stresses and strains back to the
reference configuration (global coordinate system) is required. At this point, the question,
how these shear components should be treated properly, arises.
Conceptually, the employed method agrees with a strategy described in [Welscher (1993)].
Fig. 5-33 illustrates the current plastic strain state by a solid Mohr circle for the 2D case.
The principal axis of the stress state define the local directions x, h. If the plastic strain
tensor is projected into this local system, shear strain components epl,xh will arise. The
admissible stresses at the crack planes are obtained by relating epl,xx and epl,hh to the
constitutive equations shown in Fig. 5-27 and Eq. 5-7 to Eq. 5-10, respectively. If the
constitutive equations are not satisfied a new plastic strain increment Dε pl will be obtained.
The updated state of the plastic strain state is illustrated by the dashed Mohr circle in Fig.
5-33. Iteration is needed to find convergence.
epl,xh
Depl,xx
.......epl,xh

2a
epl,xx

principal stress axes
corresponding strains

epl,hh
epl,xh
Fig. 5-33 Rotation of principal axis; update of plastic strains
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Another, not so appealing way, is shown in Fig. 5-34. Basically the same procedure as
discussed in the context of Fig. 5-33 applies here again. The difference is that the shear
components are set equal to zero after the strain was projected to the local coordinate
system. Fig. 5-34 shows a situation where crack opening takes place indicated by the
plastic strain increment Depl,xx. However, the updated plastic strain state is represented by a
dashed Mohr circle, which is within the original one. This is obviously erroneous and has
no physical interpretation.
epl,xh
epl,xx
epl,xh

2a

Depl,xx

principal stress axes
corresponding strains

epl,hh
epl,xh
Fig. 5-34 Rotation of principal axis; update plastic strains and neglecting the shear components

If the admissible stresses at the crack planes are stored directly, contradictory results will
be obtained upon rotation of principal stresses. Neglecting the shear stress components will
lead to the similar effects as just discussed in the context of commenting Fig. 5-34.
When the shear stresses are accounted for, a situation as shown in Fig. 5-35 may occur.
The admissible stress state σTCO is defined by the normal stresses admissible at the crack
planes at the end of the previous iteration and illustrated by the solid Mohr circle. The
principal axis of the current stress state define the local directions x, h. The admissible
stress σTCO has shear components when it is projected to the local system defined by x, h.
When the admissible stresses at the crack planes are updated by iteration, the axial stress
may eventually decrease equal to zero. However the shear components are not affected and
will remain unchanged. Hence, the dashed Mohr circle illustrates in Fig. 5-35 the new
admissible stress state for a material which has no tensile strength along x and h. It is not
reasonable in reality that such a material point can attain strength upon stress rotation.
However, the plastic strain concept presented in the context of commenting Fig. 5-33 is
successful in such a situation as shown in Fig. 5-36. The tensile stresses cause high plastic
strains during the return procedure. When the plastic strains have grown to a certain limit,
no tensile stresses can be sustained any more, independent of rotating the axis of
anisotropy. This represents the real situation better.
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sTCO,xh
sTCO,xx
sTCO,xh

2a

principal stress axes
sxx , shh

sTCO,hh
sTCO,xh

Fig. 5-35 Rotation of principal axis; update admissible tensile stresses
epl,xh
epl,xx
epl,xh

Depl,xx

2a

epl,hh
epl,xh

principal stress axes
corresponding strains

Depl,hh

Fig. 5-36 Rotation of principal axis; update of plastic strains

Return to the Stress-Strain Diagram

At the beginning of section 5.3.1 the stress state was projected to the direction of principal
axis. Then, the modeling of the tensile behavior was discussed for principal stress
components. A stress which is represented by a point outside the Rankine envelope, must
be returned to the Rankine envelope. When a crack develops in one direction, no plastic
strains will be involved in the other two directions. A release of elastic strains will take
place instead. This behavior can be described by employing the Rankine envelope as
plastic potential surface, since the resulting flow increment coincides with the direction of
crack opening. This is a situation of associative flow since the failure surface serves also as
plastic potential surface.
In principal stress space, the direction of flow is, depending along which axis the Rankine
criterion is not satisfied, given by

Helmut Hartl

105

5 Modeling of Concrete
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Eq. 5-15

The release of elastic strains in the other two directions will be obtained automatically due
to the Poisson’s ratio effect during the return process.
At cracking, we distinguish between growing cracks and closing/reopening cracks.

Initiation of cracks / growing cracks
The return of the stress state to the Rankine criterion is illustrated in Fig. 5-37 for one
crack plane. The left figure represents the response of the employed material matrix D
whereas the right figure represents the material behavior at crack opening. The initially
assumed stress σ n is obtained by relating the strain increment Dε = B × u to the material
matrix D.

σ n = σ n-1 + D × Dε

Eq. 5-16

The current value of the Rankine criterion ft (Eq. 5-5) is known from the previous iteration
process for this material point. The stress state on current yield surface ft can be computed
by

σ n +1 = σ n -

D × ε& pl ,i

(

)

[σ n ]i - ft ,n × Dt
éë D × ε& pl ,i ùû
i
14444244443

Eq. 5-17

Dσ n

and the associated plastic strain increment can be computed by
Dε pl =

ε& pl ,i

éë D × ε& pl ,i ùû
i

([σ ] - f ) × Dt
n i

Eq. 5-18

t ,n

where i stands for x, h, z , respectively. The number of the iteration is n and

[ ]i means

that the corresponding component of the vector is employed as scalar value. The value Dt
is introduced as a convergence parameter, Dt is equal to 1 in the standard case and Dt can
be reduced if the iterative process starts to oscillate.
Fig. 5-37 shows that the plastic strain increases by Dε pl and the elastic strain has decreased
for the same amount since Eq. 5-19 must hold.
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ε tot = ε el + ε pl

Eq. 5-19

Due to the increase of plastic strains, an additional decrease of the tensile strength takes
place and ft,n reduces to ft,n+1. Thus, Eq. 5-17 and Eq. 5-18 have to be continued in an
iterative scheme until the stress has converged to the Rankine surface.
s

sn

s

Dsn
Deel,n

ft,n

epl,n

Depl,n

ft,n+1

eel
material behavior assumed
by the material matrix D

epl
material behavior obtained from the constitutive relation

Fig. 5-37 Return to the Rankine plane at crack opening

This sequence has to be performed for all three principal stresses. Considering that each
Dσ i contains components in the other two directions it is not guaranteed that the yield

criterion is satisfied for the first two principal stress components at the end of the iteration
for the third principal stress component. Therefore, the iteration process is repeated over all
three principal axis until the yield criterion is satisfied by the obtained stress state which is
defined by the three principal stress components.

Crack closing / re-opening
In the case of crack closing/re-opening plastic strain increments are involved for stress
states within the yield surface. Hence, a tensile stress state within the yield surface involves
plasticity due to crack closing. Therefore a loading surface is introduced. It accounts for
crack closing/re-opening. The loading surface is parallel to the Rankine surface and moves
with the Rankine surface at crack opening and moves inside the Rankine surface during
crack closing/re-opening. The loading surface does not enter the compressive regime.
Fig. 5-38 shows a typical situation when an unloading increment is applied on an open
crack. The left figure illustrates the response obtained by the employed material matrix and
the right figure illustrates the material behavior. The plastic strain Depl,n, shown in the right
figure, was stored at the end of the last load step of loading the crack. In this load step the
material is unloaded and the stress state sn is obtained from the employed material matrix
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as illustrated in the left figure. The stress state represents a point within the failure surface
but since plastic strains due to unloading are involved, the stress state needs to be updated
to the loading surface. The initial loading surface coincides with the Rankine surface and is
illustrate in Fig. 5-38 by ft,n. The stress state is updated to ft,n by means of Eq. 5-17 and the
corresponding strain increment is obtained from Eq. 5-18. Thus, the elastic strain is
assumed to increase and the plastic strain assumed to decrease according to Eq. 5-19. Fig.
5-38 shows that the loading surface ft,n+1 has moved inside the Rankine surface. This
procedure has to be repeated in an iterative scheme until the stress has converged to the
loading surface.
s

s

Deel,n

epl,n

ft,n

Dsn

Depl,n

ft,n+1

sn

eel

epl

material behavior assumed
by the material matrix D

material behavior obtained from the constitutive relation

Fig. 5-38 Return to the Rankine plane at crack closing

Problems will occur in a situation as illustrated in Fig. 5-39. The plastic strain increment
Depl,n obtained by Eq. 5-18 updates the loading surface more than the stress increment Dsn
(second term of Eq. 5-17) is in absolute magnitude. In such a case, the algorithm produces
increasing oscillating results and will finally fail as shown in Fig. 5-39.
s

s
Deel,n

ft,n

Dsn

Depl,n
epl,n

sn
ft,n+1
eel
material behavior assumed by
the material matrix D

epl
material behavior obtained from the constitutive relation

Fig. 5-39 Failing return to the Rankine plane at crack closing
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A remedy is to scale the applied plastic strain increment as shown in Fig. 5-40. The plastic
strain increment computed by Eq. 5-18 is scaled by Dt = 1 as long as stable convergence is
indicated by decreasing plastic strain increments. If the new plastic strain increment is
larger than the previous one, the scaling factor is computed such that the new plastic strain
increment is 90% of the previous plastic strain increment. A second condition is that the
scaling factor is reduced as well by the factor 0.9 when the sign of the new plastic strain
increment is opposite compared to that of the previous plastic strain increment. For each
stable iteration cycle the scale Dt is increased by 5% until the maximum scale of Dt = 1 is
reached again. It is very straightforward to implement this robust approach.
s

s
Deel,n

ft,n

Depl,n
epl,n

Dsn
sn
ft,n+1
eel
material behavior assumed
by the material matrix D

epl
material behavior obtained from the constitutive relation

Fig. 5-40 Successful return to the Rankine plane at crack closing

It does not cause any problems, if a load increment updates the stress from the unloading/
reloading branch to the softening branch where the cracks are growing or to the
compressive region on the other end. One increment may update a stress state from
compression to crack opening or vice versa. The encountered sequences: compression,
unloading /reloading and crack opening are followed correctly within the iterative scheme
on the constitutive level.
After the stress is corrected according to the constitutive laws for cracking, crushing failure
is investigated as next step. As the last step, the shrinkage and creep strains are updated
and finally the residual forces will be computed.
5.3.2 Crushing Failure

The [Ottosen (1977)] surface is a four parameter model. The parameters can be obtained
easily. Recommendations are available in [MC90] which allow determination of the model
parameters on the basis of knowing the compressive and the tensile strength fcm and fctm for
normal strength concrete. [Dahl (1992)] gives recommendations to compute the model
Helmut Hartl

109

5 Modeling of Concrete
parameters solely from fcm for normal and for high-strength concrete. The cross-section of
the failure surface is smooth, convex and periodic with a period of 60° as shown in Fig.
5-41.

Fig. 5-41 Generic shape of the [Ottosen (1977)] failure envelope

The mathematical formulation of the failure surface is
F=A

J2
J2
I
+l
+ B 1 -1 = 0
2
f cm
f cm
f cm

Eq. 5-20

and
é
l = K1 × cos ê
ë

1
ù
arccos ( K 2 × cos ( 3q ) )ú
3
û

for

cos ( 3q ) ³ 0

or

Eq. 5-21

ép 1
ù
l = K1 × cos ê - arccos ( - K 2 × cos ( 3q ) )ú
ë3 3
û

for

cos ( 3q ) < 0

where J2 and cos(3q) are invariants of the deviator stress tensor acc. to Eq. 9-49.
A, B, K1 and K2 are the model parameters which can be computed as shown in [Dahl

(1992)] on the basis of knowing
Ø the uniaxial compressive strength fcm
Ø the uniaxial tensile strength fctm
Ø the equal biaxial compressive strength f2cm
Ø

a point on the compressive meridian (I1, J 2 )

[Ottosen (1977)] has calibrated the parameters on experiments conducted by [Kupfer
(1969), Kupfer et al. (1973), Balmer (1949), Richart et al. (1928)]. He suggested
parameters depending on the ratio k = fctm /fcm as shown in Table 5-3.
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k = fctm /fcm

A

B

K1

K2

0.08

1.8076

4.0962

14.4863

0.9914

0.10

1.2759

3.1962

11.7365

0.9801

0.12

0.9218

2.5969

9.9110

0.9647

Table 5-3 Parameters dependent on fctm /fcm suggested by [Ottosen (1977)]

[MC90] gives different recommendations for the model parameters which depend as well
on the ratio k = fctm /fcm. The obtained model parameters for the same fctm /fcm ratios are
shown in Table 5-4. The difference is considerable. The obtained envelopes will be
compared later.
k = f ctm f cm
A=

1
9 × k 1,4

B=

1
3.7 × k 1,1

K1 =

Eq. 5-22

1
0.7 × k 0.9

K 2 = 1 - 6.8 ( k - 0.07 )

2

k = fcm/fctm

A

B

K1

K2

0.08

3.814

4.349

13.871

0.999

0.10

2.791

3.403

11.348

0.994

0.12

2.162

2.784

9.630

0.983

Table 5-4 Parameters dependent on fctm/fcm computed by Eq. 5-22, ([MC90] recommendations)

[Dahl (1992)] argued that using the tensile strength as a parameter for predicting concrete
compressive behavior is inherently a bad practice. He observed that the [MC90]
recommendations agree well with experimental data only for low strength concrete but not
for normal and high-strength concrete. Dahl computed the parameters A, B, K1 and K2
based on experimental data and postulated an approximation for the parameters based on
the compressive strength fcm only.
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x=

f cm
100[MN/m 2 ]

A = -1.66 × x 2 + 3.49 × x + 0.73
Eq. 5-23

B = -0.19 × x 2 + 0.41 × x + 3.13
K1 = 0.46 × x 2 - 0.97 × x + 11.89
K 2 = -0.02 × x 2 + 0.04 × x + 0.974

The values of A, B, K1 and K2 for different values of fcm computed by Eq. 5-33 are given in
Table 5-5.
fcm

A

B

K1

K2

20

1.362

3.174

11.714

0.981

50

2.060

3.240

11.520

0.989

100

2.560

3.350

11.380

0.994

Table 5-5 Parameters dependent on fcm/fctm suggested by [Dahl (1992)]

The differences in the failure envelopes obtained by these three recommendations for the
parameters are shown in the figures below. Fig. 5-42 shows the biaxial envelopes for
concrete with fcm = 38MPa. In the left figure is fctm/fcm = 0.08, in the right figure it is 0.12.
The envelope by [Dahl (1992)] is the same in both figures since it is dependent only on fcm.
The compressive strength and the tensile strength employed in the left figure correspond
closely to a C30/37 (acc. to [EC2]). A deviation of the biaxial envelope predicted by
[MC90] parameters compared to the [Ottosen (1977)] parameters can be observed
especially in this case of a C30/37.

0
-60

-40

-20

0

Ottosen
-60
Model Code
Dahl

0
-40

-20

0

-20

-20

-40

-40

-60

-60

a) fcm=38.0, fctm=3.04MPa (fctm /fcm=0.08), ≈ C30/37

b) fcm=38.0, fctm=4.56MPa (fctm /fcm=0.12)

Fig. 5-42 Biaxial envelopes for concrete of fcm = 38.0MPa (compare: C30/37: fcm=38.0, fctm=2.90MPa)
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Fig. 5-43 shows the envelopes for low strength concrete and for high-strength concrete
employing the recommendations by [Dahl (1992)] versus the ones in [MC90]. For highstrength concrete, the tensile strength is overestimated with the parameters by Dahl.
However, this deficiency is in general unimportant since normally for tensile loading an
extra crack model needs to be employed anyway. [MC90] limits in general the range of
applicability for all recommendations for concrete between 12MPa ≤ fck ≤ 80MPa.
Therefore, high-strength concrete is excluded from all [MC90] recommendations. If this
advice is neglected, contradictory results will be obtained as shown in Fig. 5-43. Although
the uniaxial compressive strength fcm is a input parameter for the failure envelope, it
represents a stress state outside the failure envelope. This is a clear contradiction.
Therefore, the [MC90] parameters should not be employed for high-strength concrete.
20

10

0
-140

0
-40

-30

-20

-10

0

10

Model Code
Dahl
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-100

-80

-60

-40

-20

0

20

-20
-40

-10

-60

-20

-80
-100

-30
-120
-140

-40

a) fcm=24.0, fctm=1.90MPa (fcm/fctm=0.079)

b) fcm=98.0, fctm=5.00MPa (fcm/fctm=0.051)

Fig. 5-43 biaxial for low strength (C16/20) and high-strength (C90/105) concrete

In Fig. 5-44 the cross-sections are shown in the octahedral planes. The one based on the
parameters of [Dahl (1992)] are more smooth compared to the cross-sections computed by
the [MC90] parameters. For associative plasticity a more smooth failure envelope would
ensure better convergence. However, this does not matter for the special case of this
program since a non-associative flow rule is used as discussed below.
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a) [MC90]

-40
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0
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40

b) [Dahl (1992)]

Fig. 5-44 Cross-section in octahedral planes for different values of soct for a C30/37

Fig. 5-45 shows experimental data obtained by [Kupfer et al. (1969)] and strength
envelopes based on mathematical expressions. Fig. 5-46 show the Ottosen envelopes for a
C30/37 predicted with the parameter recommendations discussed here [Ottosen (1977),
MC90, Dahl (1992)]. The indicated deviations are small. We conclude that all envelopes
are within a tolerable scatter. Thus, all parameter recommendations can be employed
equally well for low and normal strength concrete. For high-strength concrete an
extrapolation of the [MC90] recommendations is disregarded since contradictory results as
shown in Fig. 5-43b would be obtained.

Fig. 5-45 Biaxial strength tests conducted by [Kupfer et al. (1969)] and some mathematical envelopes
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Ottosen
Model Code
Dahl

Ottosen
Model Code
Dahl

Fig. 5-46 Comparison with Ottosen envelopes employing different parameters

Flow Rule (Plastic Potential)

A stress state outside the failure envelope is not admissible. Instead, in case of plastic
loading plastic strains will occur and the stress state will remain on the failure surface.
Experimental observations have shown that ductile materials exhibit a plastic strain
increment in a certain direction, which depends only on the stress state. The direction of
the plastic strain increment is independent of the loading path leading to the failure
envelope and independent of the current loading direction. Further, the principal axes of
incremental plastic strains coincide with the principal axes of stresses.
Based on these observations and assumptions, [Melan (1938)] suggested a potential
function for determination of the incremental plastic strain increment
dε = d l p

¶Q
¶σ

Eq. 5-24

where dlp is a proportionality constant and Q is the plastic potential function. A situation,
where the plastic potential function Q coincides with the failure surface F, is referred to as
associative plasticity. If the plastic potential function is different to the failure function, the
situation is referred to as non-associative plasticity.
We have already discussed that real concrete behavior is by far more complex since
concrete does not shows ductile behavior. However, in this work concrete crushing is
described within classical plasticity theory and the Drucker-Prager surface employed as
plastic potential surface.
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Q = a I1 + J 2 - k = 0
and
¶Q
1 æ +2 × s xx - s yy - s zz ö
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Eq. 5-25

¶Q
1
=a +
( 2 × s yz )
¶s yz
2 J2
¶Q
1
=a +
( 2 × s zx )
¶s zx
2 J2
where a and k are model parameters. The Drucker-Prager cone is simple and smooth
throughout the stress space except for the vertex as shown in Fig. 5-47. Hence, a robust
return to the [Ottosen (1977)] failure surface may be expected. Since only the derivatives
of the Drucker-Prager surface are required, k drops out and the dilatancy factor a is the
only parameter, which needs to be provided. It is sufficient to provide a=0.0 in most cases
since crushing failure is very unusual. In the case of a=0.0 the Drucker-Prager cone
reduces to the von Mises cylinder where no plastic volume change is considered.
[Han/Chen (1985)] suggested for a values between 0.10 and 0.28. Unfortunately, no
comments are given on these values in the respective paper. The dilatancy factor a can be
illustrated in a better way by aligning the Mohr-Coulomb hexagon along the DruckerPrager cone. The relation between the dilatancy factor a and the corresponding dilatancy
angle y is
a=

2sin y
3 ( 3 ± siny )

Eq. 5-26

a

y (compressive meridian)

y (tensile meridian)

0.00

0.0°

0.0°

0.10

13.8°

16.5°

0.28

35.8°

73.8°

Table 5-6 Interrelation of dilatancy factor a and dilatancy angle y
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a) Drucker-Prager surface

b) Coinciding DP with MC along compressive meridian

Fig. 5-47 Drucker-Prager surface serves as plastic potential surface

If associative plasticity had been applied, determination of the derivatives of the [Ottosen
(1977)] surface would have been a laborious task on the one hand and the improvement in
prediction quality would still be questionable on the other hand. Although the [Ottosen
(1977)] surface is mathematically smooth, Fig. 5-44a shows a strong curvature of the
octahedral cross-sections along the compressive meridians. Thus, the numerical return in
such loading cases (which are the most frequent ones) may require very small increments
in order to avoid numerical problems finding convergence.
5.3.3 Transition and Interaction of Cracking and Crushing
Accounting for the nonlinear material behavior, the stresses are updated in the following
order
Ø stress update because of cracking
Ø stress update because of crushing
Ø stress update because of shrinkage and creep
We can distinguish the failure modes as illustrated in Fig. 5-48.

cracking
Rankine surface

mixed failure

Ottosen surface
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Fig. 5-48 Failure Modes illustrated in the biaxial plane

Cracking
Such stress states are reduced to the Rankine surface in the crack algorithm. The obtained
stress state is characterized by a point inside the Ottosen surface and no further stress
update or modification of the strength parameters is required. At load reversals, the crack
will close and compressive stresses can be transferred over the closed crack.
Mixed Failure
A mixed failure mode occurs for a stress state with at least one tensile principal stress.
After detection and update by the crack algorithm the corresponding stress point is still not
located on the Ottosen surface. Thus, the stress will be updated to the Ottosen surface in a
second step. Then, the tensile strength is reduced isotropically to rTCO·ftcm for all
subsequent iteration steps since it is assumed that the stress state has caused a material
degradation in all directions. Compressive stresses can still be sustained but tensile stresses
larger than rTCO·fctm cannot be sustained any more.
Crushing
The crack algorithm is passed in such a case without any modifications of the stress state.
Violation of the Ottosen criterion indicates crushing. Once, the material has crushed, the
tensile strength is reduced isotropically to rTCO·ftcm since it is assumed that no tensile
stresses can be sustained by a crushed material. This obviously does not affect the
compressive regime and only becomes relevant if stress reversals cause tensile stresses in
the crushed material.
Numerical Treatment of the Tensile Apex
Consider a triaxial stress state which was updated to the apex of the Rankine surfaces or
which just did not exceed the Rankine planes as shown in Fig. 5-49a by the red point. The
employed flow rule (von Mises or Drucker-Prager) cannot pull this stress state back, such
that the Ottosen criterion will be satisfied. Instead, a stress state on the hydrostatic axis will
be obtained. A remedy needs to be provided for such a pitfall. The program offers the user
three simple remedies to overcome this problem.
a) The recommended way is to provide a tension cut-off value (TCO-value) that a situation
as illustrated in Fig. 5-49b will be obtained. The triaxial tensile stress regime is controlled
completely by the crack algorithm. The program compares the provided TCO-value, which
scales the admissible tensile strength (fct,admissible = fctm·TCO), with this limiting tension cutHelmut Hartl
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off value where the apex of the Rankine planes and of the Ottosen surface coincides. If the
Ottosen parameters are computed according to [MC90], the limiting TCO value will be in
the range of 0.95. Providing such a TCO value additionally ensures a good transition
between pure cracking failure and mixed failure according to the definition introduced
above in Fig. 5-48
b) If a TCO value larger than the limiting TCO value is employed and if a stress state as
indicated in Fig. 5-49a occurs, the user can decide between two very crude approaches.
The material point may either associated with complete failure by reducing the stress
isotropically to rTCO·fctm. Or the analysis may be continued with the stress on the
hydrostatic axis. (A return is possible in one of the subsequent iteration steps.)
Drucker -Prager
Rankine
Ottosen

Ottosen
Rankine

a) Ottosen apex within the Rankine surfaces

b) triaxial tensile stresses updated to Rankine criterion

Fig. 5-49 Treatment of stress states at the tensile apex (illustration in the biaxial plane)

5.4 Review of Return Algorithms
A material behaves elastically as long as the stress state does not violate the yield criterion.
The displacements u are obtained in a FE-analysis from the equation: K -1 × F = u , where K
is the stiffness matrix ( K = ò BT × D × B × dV ) and F is the force vector. Strains ε can be
calculated from displacements as follows: ε = B × u , where B is the strain displacement
matrix. The work done by stresses, which can be computed by σ = D × ε , is in balance with
the work done by the external forces (as long as no other effects causing work are
involved).
When the stress state is represented by a point outside the yield surface, an iterative
procedure has to be employed in order to return the stress state to the yield surface and to
satisfy the balance of energy after a certain number of iteration steps, [Owen/Hinton
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(1980)]. Several methods are available for meeting these tasks. They can be split into two
families: The elasto-plastic and the elasto-visco-plastic approaches. For some general
constitutive models (including [Ottosen (1977)] the former might be difficult to implement
since the needed derivative of the yield function can be involved and the computation may
become expensive. The latter does not require the derivative of the yield function. The crux
is to find the right time step length in order to avoid unnecessary computation time on the
one hand and to obtain convergence on the other hand. In this section, these two algorithms
are compared. A procedure, which computes the elasto-plastic solution employing the
elasto-visco-plastic theory is shown.
5.4.1 Elasto-Plastic Return
The general form of this procedure is

σ = σ el - Dl × D ×

¶Q
¶σ

Eq. 5-27

where σ is the corrected stress on the yield surface, σ el is the assumed elastic stress, Dl is
a plastic strain rate multiplier (scalar value), D is the elasticity matrix and Q is the plastic
potential function.
sel

s1

Dl × D ×

sT

s

¶Q
¶σ

s2

F (yield surface)
Fig. 5-50 Return to the yield surface within the elasto-plastic approach

Eq. 5-27 must be evaluated at a distinct point along the applied increment. It can be
computed at the transition point σT of the of the stress increment with the yield surface
(forward Euler procedure) or at the final point σ where the stress is returned to the yield
surface (backward Euler procedure). Evaluation of Eq. 5-27 at the end of the increment at

σ el can be appealing if the increments are small enough since this point is obtained
straightforwardly. It can be viewed as a form of the backward Euler algorithm. A detailed
discussion of these elasto-plastic algorithms for associative plasticity is presented in
[Crisfield (1997)].
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The plastic strain rate multiplier Dl is a scalar, which is obtained by two basic principles
of elasto-plasticity. First, the plastic strain increment dε p is perpendicular to the plastic
potential function Q. Second, the stress state must never exceed the yield surface F. The
derivation of Dl for associative plasticity is given in [Owen/Hinton (1980)], for nonassociative plasticity the derivation of Dl can be followed in [Mang/Hofstetter (2000) and
Potts/Zdravković (1999)] as
T

¶F
× D × Dε
¶
σ
Dl =
T
¶F
¶Q
×D×
¶σ
¶σ

Eq. 5-28

Eq. 5-28 requires the derivative of the yield function F and the derivative of the plastic
potential function Q in order to obtain a stress state which is on (or more precisely: close
to) the yield surface. If the increments are either not small enough and/or the yield surface
has a strong curvature, the computed stress state may have a considerably offset from the
yield surface, no matter at which reference stress state the strain rate multiplier Dl is
computed. In general, the predictions of the corrected stress state are outside the yield
surface as shown in Fig. 5-51.
sel

s1

F

s2
Fig. 5-51 Offset of the numerical solution

In order to correct this situation offset [Crisfield (1987) and Ortiz/Simo (1986)]
recommended to repeat the procedure (Eq. 5-27 and Eq. 5-28) until the new stress state is
sufficient close to the yield function (“operator splitting”).
5.4.2 Elasto-Visco-Plastic Return
A different procedure for the return to the yield surface is the elasto-visco-plastic approach.
[Perzyna (1963, 1966)] proposed a theory, which is able to account simultaneously for
plasticity and rheology. It is assumed that plastic strains need time to develop. Hence,
stress states outside the yield surface F > 0 are allowed for t ¹ ¥ in this method. The
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viscosity parameter h accounts for the rate of anelastic strains and is set equal to unity
when rheology is not of interest. Then, the time t has no physical meaning. It is reduced to
a mere convergence parameter. The stress at time t+Dt within the return procedure to the
yield surface is [Beer/Watson (1992)]

σt +Dt = σ t - D ×

Dt
¶Q
F
h
¶σ

Eq. 5-29

where σ t +Dt is the stress at time t+Dt. The viscosity parameter is omitted from now on,
since it is set to a unity scalar value. The visco-plastic strain increment within the
¶Q
increment Dt is Dt F
¶σ
á ñ indicates a step function where
áFñ=0

if

F≤0

á F ñ = f(F)

if

F>0
Dε pl ,Dt = Dt F

De

Devp
Dsvp

¶Q
¶σ

F (yield surface)
Q (plastic potential surface)

Fig. 5-52 Illustration of the elasto-visco-plastic approach

In the form this elasto-visco-plastic approach is employed here, only the product Dt·áF ñ is
of interest. Hence, we set f(F) = 1.0. Frequently, a power function of F is employed for f(F).
In this sense f(F) has the form f(F) = F 0 = 1.0.
The strain rate ¶Q / ¶σ is multiplied by the scalar Dt·áFñ. A small value of Dt should assure
convergence but would be time consuming. On the other hand, a large time step can
deteriorate the accuracy significantly. For some classical models, analytical time-step
lengths have been found by [Cormeau (1975)], but not for the general case.
[Zienkiewicz/Cormeau (1974)] have reported that a time step above a certain magnitude
might result in an unstable iteration indicated by oscillations of the residual forces. They
gave an empirical rule for the time step. Their rule is limited to associative plasticity in
classical models. Applying this rule to general models involving a non-associative flow
rule results only in limited success [Hartl (1997)].
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5.4.3 Proposed Strain-Rate Multiplier
Eq. 5-27 and Eq. 5-29 are similar. Both Dl and Dt·á F ñ can be referred to as scaling factors
for the plastic strain rate. From a comparison of the two approaches it follows that any Dl
which produces a stress state along the path from σ el to the return point on the yield
surface σ is acceptable within the iterative scheme. This multiplier, which results in a
limiting stress state on the yield surface, is of interest for a fast computation.

Fæ

¶Q ö
ç σ - D×Dl
÷
¶σ ø
è

=0

Eq. 5-30

An analytical approach towards this issue is shown in [Mang/Hofstetter (2000)], a
numerical interpretation of this issue is given here. The condition given in Eq. 5-30 can be
fulfilled numerically by employing an iterative scheme. Here, the Newton method is
employed. The derivative of Fn is approximated by means of the secant connection of two
trial points.

σ n +1 = σ n - D ×

Fn
¶Q
×
Fn -1 - Fn ¶σ 0
σ n -1 - σ n

Eq. 5-31

F
n0

n1
n2

σ
Fig. 5-53 Iterative scheme for obtaining a stress state on the yield surface

The initial trial stress is σ o = σ el . Then, a small value is assigned to Dl and σ1 is computed
by evaluation of Eq. 5-27. For all subsequent steps, Eq. 5-31 applies and a fast
convergence is obtained. The final stress is always on the yield surface. Hence, there is no
need to compute the strain rate multiplier Dl or Dt explicitly.
A merit of this approach is that the derivative of the yield function F is not needed in order
to compute σ . This is useful when the yield function is not smooth in the stress space since
for the procedure presented herein only the plastic potential function must be smooth. This
procedure is also appealing when the derivative of the yield function is very involved and
costly to compute.
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An offset of the obtained stress state to the yield surface as illustrated in Fig. 5-51 cannot
occur in the proposed method. The obtained stress state is always on the yield surface.
Nevertheless, the direction of the plastic flow (given by ¶Q ¶σ ) usually changes in the
iterative process along the path to the final stress state σ on the yield surface F. Hence, the
solution can still be erroneous. Improvements can be made in different manners. One way
is to split the elastic increment in sub-increments as illustrated in Fig. 5-54a. Another
approach is to split the return stress increment into sub increments as illustrated in Fig.
5-54b.

a) split of elastic increment

b) split of return increment

Fig. 5-54 Splitting of the stress increment

A third method is similar to the one illustrated in Fig. 5-54b. The corrective increment is
scaled by a fixed factor. Thus, only a certain part of the exceeding stresses is mapped as
residual nodal forces and re-applied on the domain in one iterative step. This follows the
concept of visco-plasticity, where a stress state outside the yield surface is allowed for t ¹
¥. An automatic scaling procedure for the excess increments is implemented into the
developed program. The user defines the maximum scaling factor of the excess increment,
which is mapped as residual forces in one step. A value of 1.0 for this scaling factor results
in a stress state on the yield surface. If the iterative procedure follows a convergent path,
the residual forces will decrease in each iteration step. Divergence is indicated by
increasing the residual forces. For each divergent iteration step, the time-scale is reduced
by a user-defined factor, (e.g. 0.90). When a convergent path is achieved again, the timescale will be increased slowly for each stable iteration step until the maximum allowed
time-scale is reached again.
5.4.4 Behavior at Overload
[BEFE (2001)] employs an initial stiffness approach, which is illustrated below in Fig.
5-55 on an example. The first load F1 is within the linear regime of the structure. Between
F1 and F2 some cracks occur. The initial stiffness approach has no difficulties with the nonlinearity resulting from cracking. It will give a solution close to u2 depending on the
number of applied iteration steps and/or on the convergence limit. A Newton algorithm in
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contrast updates the stiffness matrix after each iteration step and may come closer to u2
after fewer iteration steps. However, if the algorithm is not implemented carefully,
problems may be encountered at the cracks because of the discontinuous material behavior.
The next load F3 cannot be sustained by the material. The initial stiffness approach does
not stop the computation indicating that the load is larger than the ultimate load. A large
displacement, which is dependent on the number of iteration steps, is computed instead.
The user may consider this as failure since large unbalanced forces are indicated. If an
additional load F4 is applied, the computation will also not stop. The displacements will
increase without achieving convergence. In the case shown below the behavior of the strain
rate multiplier proposed in section 5.4.3 can be observed. The applied residual forces will
be scaled since the unbalanced forces increase in each iteration step beyond the ultimate
load.
F = FT·F
F4
F3
F2

F1

u2

u1

u = uT·u
Fig. 5-55 Behavior of the initial stiffness approach

It can be concluded that this approach is robust but slow. In combination with the strain
rate multiplier for the residual forces a result will be obtained in any case since oscillating
residual forces are avoided. However, it is indispensable that the user also pays attention to
the unbalanced forces as in order to distinguish between mere numerical results and
converged solutions. These shortcomings can be overcome by implementation of an
appraoch, which is based on Newton’s method.

5.5 Modeling of Shrinkage and Creep
Although there exists some interaction effects between shrinkage and creep, these two
phenomena are treated numerically as independent. The model implemented into this work
is that one of [fib1]. This model is closely related to the model of [MC90]. The new model
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is able to account for high-performance concrete and has some updates incorporated. It was
developed by [Müller/Kvitsel (2002)]. Employing such a member cross-section type model
is a sort of contradictory to a continuum approach. A more sophisticated model which, e.g.,
is based on diffusion theory for shrinkage would be more appropriate for the general case.
However, the model of [fib1] is accepted well in the engineering society and the employed
parameters are simple to obtain. On the programming end, the differential equation for
diffusion theory need not to be implemented for this [fib1] model.
It should be noted that shrinkage and creep depend more strongly on the concrete
composition (microstructure of concrete, water cement ratio, volume of cement), the
degree of hydration and on properties of the aggregates than on strength parameters like
the compressive strength and stiffness parameters such as Young’s modulus of concrete.
However, these parameters are employed as indirect parameters in the [fib1] model for the
microstructural properties since they are available at the stage of design.
5.5.1 Shrinkage
It is claimed that the proposed model is valid for plain structural concrete members,
exposed to a dry or to a moist environment after curing. It is valid for normal as well as
high-performance concrete (15MN/m2 ≤ fcm ≤ 120MN/m2), moist cured at normal
temperatures not exceeding 14 days and exposed to a mean relative humidity in the range
of 40 to 100%.
Shrinkage may be calculated as the sum of autogenous ecas shrinkage at time t and drying
shrinkage ecds at time t from the time of beginning of shrinkage ts on:

e cs ( t , ts ) = e cas ( t ) + e cds ( t , t s )

Eq. 5-32

Autogenous shrinkage
The component of autogenous shrinkage is
e cas ( t ) = e caso ( f cm ) × b as ( t )

Eq. 5-33

where the final value of autogenous shrinkage is
æ f f
ö
e caso ( f cm ) = -a as ç cm cmo ÷
è 6 + f cm f cmo ø

2,5

×10-6

Eq. 5-34

and the function to describe the time development of autogenous shrinkage is
0,5
æ
ætö ö
b as ( t ) = 1 - exp ç -0, 2 × ç ÷ ÷
ç
è t1 ø ÷ø
è
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If the time history is split into several increments, the incremental autogenous shrinkage
can be computed by
De cas ( t ) = e caso ( f cm ) × ( b as ( ti +1 ) - b as ( ti ) )

Eq. 5-36

It follows from Eq. 5-32 to Eq. 5-36 that autogenous shrinkage is independent of the
ambient humidity and of the member size. It is dependent only on the concrete strength fcm
and on the cement type. The final values of autogenous shrinkage are shown in Fig. 5-56.

Fig. 5-56 Final values of autogenous shrinkage for different cement types, [Müller/Kvitsel (2002)]

Fig. 5-57 shows that autogenous shrinkage develops faster than drying shrinkage,
especially for thick members.

Fig. 5-57 Time development of autogenous shrinkage and drying shrinkage, [Müller/Kvitsel (2002)]
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The coefficients employed in the equations for shrinkage and creep are listed in Table 5-7.
cement type creep
acc. to [EC2]
a

shrinkage
aas

ads1

ads2

remarks

SL

-1

800

3

0.13

slowly hardening cement

N, R

0

700

4

0.12

normal or rapidly hardening

RS

1

600

6

0.12

rapidly hardening highstrength cement

Table 5-7 Coefficients for creep and shrinkage dependent on the cement type

Drying shrinkage
The component of drying shrinkage is

e cds ( t , t s ) = e cdso ( f cm ) × b RH ( RH ) × b ds ( t - t s )

Eq. 5-37

æ
æ
f öö
e cdso ( f cm ) = çç ( 220 + 110 × a ds1 ) exp ç -a ds 2 × cm ÷ ÷÷ ×10-6
f cmo ø ø
è
è

Eq. 5-38

where

and
b RH

æ æ RH ö3 ö
÷
= -1,55 ç1 - ç
ç è RH o ÷ø ÷
è
ø

for RH < 99% bs1

b RH = 0, 25
where b s1=

for RH ≥ 99% bs1
æ 3, 5 × f cmo ö
=ç
÷
è f cm ø

Eq. 5-39

0,1

£ 1, 0

and
æ
ö
( t - ts ) t1
÷
b ds ( t - ts ) = ç
ç 350 × ( h h )2 + ( t - t ) t ÷
1
o
s
è
ø

0,5

Eq. 5-40

where bs1 in Eq. 5-39 accounts for the effect of self-desiccation of high-performance
concrete. Such a concrete has an internal moisture less than 100% and may start to swell at
a relative humidity RH > 85%.
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If the time is split into several increments, the time t needs to be replaced by ti and ti+1 in
Eq. 5-40. Yet, the incremental drying shrinkage can be computed by
De cds ( t , t s ) = e cdso ( f cm ) × b RH ( RH ) × ( b ds ( ti+1 - t s ) - b ds ( ti - ts ) )

Eq. 5-41

Fig. 5-58 shows the final values for drying shrinkage dependent on the compressive
strength of concrete for different types of cement and different moisture content in the
surrounding environment.

Fig. 5-58 Relation between final drying shrinkage and compressive strength, [Müller/Kvitsel (2002)]

Shrinkage is a volumetric process. Hence, the above shown relations for uniaxial
conditions can be extended to multiaxial conditions by
εTsh = [e sh

e sh

e sh

0 0 0]

Eq. 5-42

5.5.2 Creep

Up to a certain stress intensity (fc /fcm) creep strains are proportional to the applied stress, if
all other conditions (environmental and concrete age) are identical for different specimens.
The limit stress intensity for the proportionality of stresses and creep strains depends on the
concrete strength as shown in Fig. 5-59 [Smadi et al. (1985, 1987)]. In most cases, the
linear regime covers the stresses occurring in concrete under service loads, even in cases
where these stresses are relatively high. These service stresses are even limited by design
codes. E.g., [EC2] limits the compressive stress for quasi-permanent loading to 0.45·fcm
and for infrequent loading to 0.60·fcm. In general, these limits become not critical during
the design. For cases where the linear creep theory does not hold any more, the creep
coefficient needs to be adjusted as shown at the end of this section.
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Fig. 5-59 Creep strains versus stress level

For stresses below the proportionality limit, concrete can be treated as a linear viscoelastic
material and creep strains may be related linearly to stress.
e cc ( t , to ) = j ( t , to ) ×

Ds c ( to )

Eq. 5-43

Eci

In Eq. 5-43, j(t,to) is the creep coefficient at time t for a load increment applied at time to.
The employed elastic modulus is the tangent modulus at a concrete age of 28 days.
In principle, two different ways for modeling creep of concrete materials are available.
One is known as a summation-type formulation, which accounts improperly for the age at
loading but accounts well for creep strain relaxation upon unloading. The delayed elastic
creep strain ecd, which can be recovered upon unloading, and the unrecoverable creep
strain resulting from flow, ecf, are added. The other one is the product-type formulation,
which combines all creep influence factors by multiplication. In general, such product-type
formulations account well for the age at loading but over-predict the creep strain relaxation
upon unloading.
The model of [fib1] is a product type model, which is valid for both, normal strength and
for high-strength concrete.
For a concrete specimen, which has been subjected to a constant load at age to, the creep
coefficient at time t is
j ( t , to ) = j o × b c ( t , to )

Eq. 5-44

where jo is the notional creep coefficient at time t = ¥
j o = j RH × b ( f cm ) × b ( to )

Eq. 5-45

with
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æ 1 - RH / RH o ö
j RH = ç1 +
a1 ÷ a 2
ç
÷
3 0,1 × h h
o
è
ø
b ( f cm ) =
b ( to ) =

Eq. 5-46

5,3
f cm f cmo

Eq. 5-47

1
0,1 + ( to t1 )

Eq. 5-48

0,2

Eq. 5-46 is the sum of the basic creep and the drying creep component. Hence, the
development of creep with time (Eq. 5-48) applies for both components in the same way.
This is a limitation of the linear creep theory and of the employed theoretical framework.
In Eq. 5-48, to is the age of concrete at loading, which needs to be adjusted for the cement
type (a, see Table 5-7) and the temperature such that
a

æ
ö
9
÷ ³ 0.5
1
to = to,T ç
+
ç 2 + ( to,T t1,T )1.2 ÷
è
ø

Eq. 5-49

where t1,T is always 1 day, and the effective concrete age to,T can be computed by
n
æ
ö
4000
to,T = å Dti × exp ç 13.65 ÷
ç
273 + T ( Dti ) To ÷ø
i =1
è

Eq. 5-50

where To is 1°C.

The development of the final creep coefficient with time is given by
æ ( t - to ) t1 ö
b c ( t , to ) = ç
ç b + ( t - t ) t ÷÷
1 ø
o
è H

0,3

Eq. 5-51

with
18
hæ æ
RH ö ö
b H = 150 ç1 + ç1.2
÷ ÷ + 250 × a 3 £ 1500 × a 3
ho ç è
RH o ø ÷
è
ø

Eq. 5-52

The coefficients a1, a2, a3, are
æ 3.5 ö
a1 = ç
÷
è f cm f cmo ø
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÷
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æ 3.5 ö
a3 = ç
÷
è f cm f cmo ø

0.5

Eq. 5-53
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The incremental creep coefficient Dj for a certain time increment is
Dj ( ti +1 - ti , to ) = j o × ( b c ( ti +1 , to ) - b c ( ti , to ) )

Eq. 5-54

Fig. 5-60 shows the final creep coefficient (notational creep coefficient jo) over the age of
concrete when the load is applied to two different concrete materials and two different
humidities.

Fig. 5-60 Notational creep coefficient jo over concrete age at loading, [Müller/Kvitsel (2002)]

Fig. 5-61 shows the time development of creep to two different concrete materials and two
different member sizes.

Fig. 5-61 Time development of creep, [Müller/Kvitsel (2002)]

Considering Eq. 5-43, the total stress-dependent strain ecs in a time increment can be
written as
æ 1
j ( t , to ) ö
e cs ( t , to ) = s c ( to ) × ç
+
÷
ç E (t )
Eci ÷ø
è c o

or
e cs ( t , to ) = s c ( to ) × J ( t , to )
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J(t,to) is the creep compliance, which represents the total stress-dependent strain. Fig. 5-60
and Fig. 5-61 show that the final creep coefficient depends on the age of concrete at
loading to. Further, the change in the creep coefficient in a time interval (ti+1 - ti) at a
certain age depends on the age of concrete when the respective load increment was applied
as shown in Fig. 5-62.
3

age at loading
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Fig. 5-62 Development of creep at different ages of loading

Considering elastic behavior and creep of concrete, the mathematical formulation for the
strains is
t

e c ( t , s c ) = J ( t , t o ) × s c ( to ) + ò J ( t , t )

¶s c (t )

to

¶t

dt

Eq. 5-56

This equation cannot be solved for the general case where variable stresses and variable
environmental conditions are involved. Thus, Eq. 5-56 must be discretized into small
increments in order to be able to solve this equation numerically.
n

e c ( t , s c ) = J ( t , to ) × s c ( to ) + å J ( t ,t i ) × Ds c (t i )

Eq. 5-57

i =1

One can see that all stress increments over the time history must be available. Hence, the
entire stress history must be stored. Alternative procedures which do not require storage of
the entire stress history are discussed in [Hofstetter/Mang (1995)]. However, the respective
algorithms are not able to account for the general case and are therefore disregarded by the
authors. The additional computing expenses (especially storage and CPU) for accounting
for the entire stress history are no longer genuine computational challenges.
An algorithm, which stores the entire stress history is implemented into this work. It
approximates the history integral of Eq. 5-56 by an implicit rule of second order accuracy
with respect to the chosen time steps [Walter (1988)]. [Hofstetter/Mang (1995)] suggest for
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such an algorithm at least 4 time steps per decade. The time steps should be constant in the
logarithmic time scale and the initial step size should be about 0.1 day.
m

j ( tm , ti -1/ 2 )

i =1

Eci

e cc ( tm ) = å

Ds ( ti , ti -1 ) ,

m³2

Eq. 5-58

This algorithm is visualized in Fig. 5-63. The creep strain until tm can be computed once at
the beginning of a new load increment. The current creep increment is dependent on the
stress at (tm+1), which changes within the iterative scheme.

Fig. 5-63 Approximation of the stress history by an implicit integration

The preceding equations for predicting creep in concrete hold only for uniaxial loading.
The extension to multiaxial stress states is obtained by assuming isotropic material
behavior for creep introducing a compliance matrix (A, Eq. 9-2) for creep such that
m

j ( tm , ti -1/ 2 )

i =1

Eci

ε cc ( tm ) = A × å

Dσ ( ti , ti -1 ) ,

m³2

Eq. 5-59

The Poisson’s ratio for creep of concrete ncr may be close to the value of the Poisson’s
ratio for short-time loading if concrete is sealed. For unsealed concrete ncr depends on the
humidity distribution and on the size and shape of the cross-section. According to
[Bažant/Wittmann (1982)], ncr may drop almost to zero. If no better value for ncr is
available, ncr = 0.20 might serve as an acceptable but crude first approximation.
Nonlinear Creep

As shown at the beginning of this section in Fig. 5-59, above a certain stress limit the
relation between stresses and strains is no longer linear. For stress levels between 0.40·fcm
and 0.60·fcm, the creep coefficients may be modified depending on the current stress level
according to [MC90].
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j o ,k ( t , s c ) = j o × exp éëa s × ( ks - 0.40 ) ùû

Eq. 5-60

where
ks = s c

f cm ( to )

Eq. 5-61

a s = 1.5

Fig. 5-64 Increase of the creep coefficient for stress levels > 0.40·fcm

Yet, the notional creep coefficient is dependent on the age of loading and on the stress
level as illustrated in Fig. 5-64 if the total stress exceeds 0.40·fcm.

5.6 Case Study: Effect of Stress Concentration at the
Element Boundaries
Concrete is only able to sustain a very small amount of tensile stresses. When the tensile
capacity is exceeded, cracks will develop. Additional deformations will follow until the
steel strain is large enough that the additionally activated steel force is equal to the force
released by concrete cracking. On the compression side of the cross-section these
additional deformations cause a concentration of concrete stresses close to the boundary of
the cross-section. Within the FE method the stresses close to the boundary of the elements
are not related to the constitutive law in general since the stress recovery points are located
within the element. (As long as the Gauss-Legendre quadrature, which is standard in a FE
analysis, is employed). A way to overcome this deficiency is to employ more sample
points. When plates are analyzed, it is common to employ more sample points over the
depth (z-axis) of the plate compared to the number of sample points along the x- and y-axis
of the plate. Within a 3D analysis, stresses may have the gradient in any direction. Thus
more sample points are necessary for all axes, in order to have a large number of sample
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points along the direction of the gradient. This is computationally expensive since the
number of sample points increase by the power of three.
[Zienkiewicz/Taylor (1989)] have shown the influence of the integration order on the
results in case of distorted elements. A higher-order integration scheme is necessary in
order to integrate the element stiffness more accurate. However, in subsequent
computations other errors occur. Some of these errors may cancel out and satisfactory
results can be achieved by employing a standard integration scheme (2x2x2 or 3x3x3).
The case studies conducted in this section concentrate on the influence of the integration
order dependent on the physical non-linearity of reinforced concrete. The predicted stresses
and the accuracy of the predicted ultimate loads employing different integration orders
(2x2x2 and 6x6x6) are discussed and compared.
5.6.1 Investigated Configuration

In this study, an ultimate load analysis is performed for the single-span beam, which was
investigated in section 2.5.2, Fig. 2-16. In addition to the material parameters given there,
the ultimate concrete strength is provided as fc = 30.0MPa and the ultimate steel strength is
given as fy = 550MPa. Concrete is assumed as a no-tension material behaving linearly
elastic up to the failure envelope in compression.
Case A: Low Reinforced Cross-Section

Here the cross-section is reinforced with only 2ø12mm bars. This corresponds to about
twice the minimum amount of reinforcement required by [EC2]. The load (an end moment
at each support) is monotonically increased until failure is indicated.
After the rebar has exceeded the elastic limit strain, plastic strains will originate.
Compressive stresses will be concentrated close to the top end of the cross-section in the
concrete. Because of this necking effect of the compressive zone, the lever arm of the
internal forces increases and the moment can be increased by a small amount until the
ultimate load is reached which is finally indicated by concrete crushing. The analytical
solution for the ultimate moment is shown in Fig. 5-65a in red color.
The numerical analysis employing a 2x2x2 integration scheme cannot account for this
necking effect of the concrete in the compressive zone. The compressive zone is limited to
a shape as indicated in Fig. 5-65b. The lever arm of the internal forces is obviously smaller
and the ultimate load is reached as soon as the steel starts to yield. No redistribution of
internal forces can take place. The almost horizontal branch in Fig. 5-65a only occurs
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because of the initial stiffness approach, it is accompanied by increasing unbalanced forces
as discussed in section 5.4.4.
The computational effort for a 6x6x6 integration scheme increases significantly since 216
integration points need to be considered in each element. The necking effect of the
compressive zone is accounted for better but the prediction of concrete stresses is still
poor. The moment at the kink in the load displacement diagram in Fig. 5-65a is considered
again as the ultimate moment since soon thereafter only unbalanced forces are increasing.
We can conclude that the prediction of concrete stresses is poor in both cases but the
computed ultimate moment is on the safe side for both integration schemes. The standard
integration scheme (2x2x2) is even more on this side. The reason is that failure is initiated
by yielding of the steel and the increasing lever arm of the internal forces because of the
necking effect of the compressive zone cannot be accounted for numerically.
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Fig. 5-65 Performance of a low reinforced cross-section

Case B: High Reinforced Cross-Section

The cross-section discussed in Fig. 5-66 is reinforced with 2ø30mm bars. This corresponds
approximately to the maximum allowed amount of reinforcement according to [EC2], in
order to ensure ductile failure, which is indicated by yielding the steel. A larger amount of
reinforcement would cause brittle failure initiated by concrete crushing without yielding of
the steel and such failure modes are not allowed by [EC2]. The load (an end moment at
each support) is monotonically increased until failure is indicated.
Employing a 2x2x2 integration scheme shows a linear behavior in Fig. 5-66a until the
concrete represented by the integration points close to the compressive end start to yield
since the compressive strength is encountered. The load can be still increased beyond that
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level since compressive concrete stresses can be redistributed to lower regions of the
compressive zone which are represented by the lower integration points of the respective
element. Failure is indicated when the rebar starts to yield. If the compressive stresses are
extrapolated linearly beyond the integration points, over-prediction of concrete stresses
occurs. However, this causes no over-prediction of the ultimate moment as indicated in the
load-displacement diagram because the lever arm of the internal forces is hardly affected.
After the steel has started to yield, a horizontal branch in the load-displacement diagram
indicates the ultimate load level accompanied by increasing unbalanced forces.
The prediction of the compressive stress distribution can be increased by employing a
6x6x6 integration scheme. The load-displacement diagram becomes gradually softer as
concrete yielding is recovered at the integration points when concrete reaches the
compressive strength. The prediction of the ultimate moment is close to the analytical
solution.
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Fig. 5-66 Performance of a high reinforced cross-section

We conclude from the low and the high reinforced cross-section that concerning the
ultimate load the standard integration scheme gives always results on the safe side. The
prediction of concrete stresses may be poor, especially when they are concentrated close to
the boundary of the cross-section. In this case, the results can be improved by employing a
higher integration order since the quality of the prediction of stresses suffers because of the
physical non-linearity of concrete and not because of the improper description of the
deformed shape of the element. Employing more elements would, of course, give better
results. However, in general, the design of a new mesh implies more user effort.
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Case Studies
Until now the program was employed for numerous studies by different users. Some
examples found in literature with reference solutions were treated by students as part of
their advanced concrete course. A in-depth investigation of several structures was
conducted by [Brunner (2001), Klotzmann (2001), Mühlmann (2001), Zotter (2001),
Handel (2002), Kolar (2002), Pernthaner (2002)] as part of their diploma thesis. In each
work the applicability of the program to the full-scale problem was verified first by
scrutinizing a specific issue related to the full-scale problem on a simple domain. Then, the
behavior of the full-scale structure was studied by means of this computer program. In
most cases either experimental data or data acquired on site were available to compare and
to verify the results.
[Lerchner (2000)] investigated the load-bearing behavior of a counterfort wing wall
abutment. He has shown that the deformations of the fold lines have a significant effect on
the sectional forces. The effect of creep and shrinkage on the sectional forces was studied
with this program by [Lerchner/Hartl (2001)]. The amount of redistribution of sectional
forces because of creep and shrinkage was shown to be small.

6.1 Tied Back Diaphragm Wall
A benchmark example of the German Society for Geotechnics [Schweiger (2001)] is the
basis of the following investigation. This example, illustrated in Fig. 6-1, was studied with
BEFE-Concrete by [Pernthaner (2002) and Hartl/Pernthaner (2002)]. The purpose of the
study contained in this work is
Ø to demonstrate the potential of the supplementary interface algorithm for soil anchors
Ø to scrutinize the effect of the soil-structure interaction on the stresses in the
reinforcement after concrete cracking
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6.1.1 Investigated Configuration & Material Parameters

The geometry of the excavation is shown in Fig. 6-1 and studied by means of a 2D plane
strain FE-analysis.

Fig. 6-1 Investigated excavation, [Schweiger (2000)]

Considered Load Cases
1 lowering of the ground water table to -17.90m
2 excavation step 1 (-4.80m)
3 installation of first anchor layer
4 excavation step 2 (-9.30m)
5 installation of second anchor layer
6 excavation step 3 (-14.35m)
7 installation of third anchor layer
8 excavation step 4 (-16.80m)
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Soil Parameters

Mohr - Coulomb
E

= 20.0 × z MN/m²

for 0 < z ≤ 20m

E
n
j
y

= 60.0 × z MN/m²
= 0.20
= 35°
= 35°

for z > 20m
Poisson’s ratio
friction angle
dilation angle

K0
g
g´

= 0.4264
= 0.019MN/m³
= 0.010MN/m³

(= 1-sin(j)), coefficient of earth pressure at rest
volume weight
volume weight under water

Elastic Modulus

Diaphragm wall

C20/25

fcm = 28.0MN/m²
fctm = 2.20MN/m²
E
= 29000MN/m²
n
= 0.20
a
= 0.0
TCO = 0.95
rTCO= 0.001
eyt = 0.00005
b
= 0.20
GF = 119.0Nm/m²
aF = 5.0
L
= 0.40m

Concrete acc. [EC2]
Ottosen, parameters according to [MC90]
rotating anisotropic softening crack model (CM 5)
creep and shrinkage is not considered
compressive strength
tensile strength
Young’s modulus
Poisson’s ratio
dilatancy factor
tension cut-off value
residual tension cut-off value
tensile yield strain before cracking is initiated
crack closing coefficient
fracture energy
fracture coefficient
equivalent crack length

Steel reinforcement
BSt 550
E
= 200000MN/m²
fyk = 550MN/m²
c
= 0.12m

Young’s modulus
ultimate steel strength
distance concrete surface - steel axis

Anchors

St 1570/1770
E
= 195000MN/m²
fyk = 1593MN/m²
Ar = 0.0015m²
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Young’s modulus
ultimate steel strength ( = 1770/0.90)
cross-section area per anchor
141

6 Case Studies
Because of the distance of the anchors the following values are available per meter

1st anchor layer
2nd anchor layer
3rd anchor layer

P
[MN]
0.768
0.945
0.980

Ar
[m²]
0.0015
0.0015
0.0015

distance
[m]
2.30
1.35
1.35

Ar/m
[m²/m]
0.000652
0.00111
0.00111

P/m
[MN/m]
333.3
700.0
726.0

Grout Body

Following the recommendations given in [Smoltczyk (1991)], the anchor in the first
horizon should be able to sustain a load of about 1.0 ÷ 1.2MN before being pulled out.
Here a grout body with 0.15cm diameter is assumed. The ultimate shear strength at the
interface between the grout body and the surrounding soil is assumed as 0.30MN/m². This
is about 3 times the overburden stress times the friction coefficient. Hence, the ultimate
load before the tendon is pulled out can be computed as
Fult = d × p × l ×t max = 0.15 × p × 8 × 0.30 = 1.13MN

Eq. 6-1

The value of the ultimate load obtained by the two different approaches agree well to each
other. For the program a bond-stress / slip diagram for the grout-body / soil interface needs
to be provided in addition to the peak strength. Here, the advanced bond model of [MC90]
is adopted. Two cases are considered.
In one study a ductile interface is assumed. The maximum bond stress of 0.30MN/m² is
activated after a slip of 12mm has occurred. If the slip is more than 12mm, the interface
will behave ductile. The assumption that the full bond strength is activated after 12mm slip
is not based on test results.
The other investigated interface type starts to soften after the slip associated to the peak
strength is exceeded. In this case it is assumed that the interface strength decreases linearly
to 85% of the overburden stress times the friction coefficient at a slip of 24mm and
remains constant thereafter. The residual strength tres is 0.100MN/m²·0.85 = 0.085MN/m².
0,4
ductile
softening

Tau [MN/m²]

0,3
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0,1
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0
0

5

10

15

20

25

30

Fig. 6-2 Bond-stress / slip behavior of the grout body
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The stiffness of the anchor in the grout body is the stiffness of the anchor and the stiffness
of the cracked grout body which is taken into account by the stiffness of the uncracked
grout body times a reduction factor a. Here this reduction factor is assumed to be 0.5, this
is a crude but accepted approximation accounting for the tension stiffening and the tension
softening effect in a simple way.
E × A = Es × As + Eg × Ag × a
E×

æ 0.152 p
ö
0.152 p
= 200000.0 × 0.0015 + 30000.0 ç
- 0.0015 ÷ × 0.5
4
è 4
ø

300.0 + 242.6
0.152 p
4
E = 30700.0 MN / m 2
E=

Eq. 6-2

In this case, the stiffness of the tendon and the grout body corresponds closely to the
stiffness of the uncracked grout body.
The axial strength needs to be modified as well since we provide a diameter of 15cm. Only
the tendon is able to transfer tensile forces
A × f = As × f yd

0.152 p
× f = 0.0015 ×1570
4
0.0015 ×1570
f =
= 133.27 MN / m2
0.152 p 4

Eq. 6-3

Finally, the grout-body needs to be smeared for the plane strain analysis over 1 meter depth
while it has a spacing of 2.30m in nature. The diameter for the plane strain analysis needs
to be modified corresponding to Eq. 3-25 section 3.6
f=

0.15
= 0.0989m
2.30

and the interface strength modified corresponding to Eq. 3-29 is
f =
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6.1.2 Anchor Performance

For this isolated study of the anchor performance, the anchor spacing is set equal to 1.0m
in order to simplify the interpretation of the results. The analysis is conducted to load case
3 only and the results at installing the first anchor layer are discussed.
Fig. 6-3a shows the force over the length of the anchor. Between the diaphragm wall and
the grout body the anchor can slide freely in the soil and the anchor force is constant. In the
grout body, the anchor force is transferred to the soil via bond and decreases corresponding
to the activated bond stress which is shown below in Fig. 6-3c.
Fig. 6-3b shows the slip diagram. The slip decreases slower right behind the anchor in the
diaphragm wall compared to the decrease of slip in the soil. Considering that slip is the
relative displacement between a rebar and a respective parent element, it is clear that slip
decreases slower in the stiffer concrete compared to the softer soil. It is remarkable that the
slip increases again at the end of the grout body. This effect occurs because of the
employed constitutive model for the soil. The soil is modeled with a Mohr-Coulomb
failure surface and the behavior within the failure surface is assumed to be linearly elastic.
It is evident that the prestress force moves the grout body and the surrounding soil towards
the diaphragm wall. Hence the soil on the opposite side of the grout body experiences
triaxial tension in order to satisfy compatibility. The effects of pulling the soil to the
opposite direction is assumed to cause the increased slip at the tendon end. But merely as a
consequnce of the linearly elastically assumed soil behavior under triaxial tension. It may
be doubted that this effect will occur in reality.
Fig. 6-3c shows the activated bond stress. This diagram is obtained by relating Fig. 6-3b to
Fig. 6-2. The two dashed arrows in black color show that the peak bond stress is obtained
at 12mm bond slip.
The ultimate load is P = 1.12MN when the ductile interface is employed while it is
0.88MN for the interface which assumes a softening branch. After these loads, the grout
body starts to slide and the anchor is pulled out.
The slip required to activate the maximum bond stress was a free assumption. However, it
is rather unimportant to find a correct value since its influence on the anchor performance
is insignificant.
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a) anchor force
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Fig. 6-3 Performance of the anchor modeled by the supplementary interface model
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6.1.3 Results for the Nonlinear Diaphragm Wall

For studying the wall performance, the anchor spacing is taken into account as shown in
Fig. 6-1. In the linearly elastic diaphragm wall the largest bending moment occurs in a
depth of 12.95m after the third excavation (load case 6) is performed and before the third
anchor layer is installed as shown in Fig. 6-4.

y
x

[MN/m²]

Fig. 6-4 Stress distribution in a linearly elastic diaphragm wall

The bending moment and the corresponding normal force computed from stresses at the
Gauss points.
M = 0.683MNm/m

Mult = M·g = 0.683·1.50 = 1.025MNm/m

N = 0.850MN/m

Nult = N·g = 0.850·1.00 = 0.850MN/m

A conventional design corresponding to [EC2] requires a steel reinforcement of
25.52cm²/m on each side of the wall when the material parameters according to section
6.1.1 are employed.
The normal force resulting from the soil friction at the backside of the wall may be
neglected from the engineering point of view in order to compute a reinforcement amount
on the safe side. This normal force, which is provided by the dead weight of the wall, may
be taken into account instead. It can be computed as 0.025MN/m³·12.95m·0.80m=0.259MN.
M = 0.683MNm

Mult = M·g = 0.683·1.50 = 1.025MNm

N = 0.259MN

Nult = N·g = 0.259·1.00 = 0.259MN

The design corresponding to [EC2] requires a steel reinforcement of 32.60cm²/m on each
side of the wall. The results for the following walls are compared in the remainder
Case A: linear elastic wall
Case B: C20/25 + as = 10.20cm²/m (minimum reinforcement according to [EC2])
Case C: C20/25 + as = 32.60cm²/m
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The FE-analysis accounts for the situation without any partial safety factors, neither on the
load side nor on the material side. Thus, working stresses are obtained and these stresses
must not exceed 0.80·fyk = 440MN/m² and should not exceed 300 ÷ 350MN/m². Otherwise
problems with crack widths may arise.
The results from FE-analysis in Fig. 6-5a&b shows that in general the stresses are very
small because the concrete remains uncracked. Thus, tensile and compressive forces are
primarily transferred by concrete. The rebar stresses serve as indicators for the strains and
for the bending moments along the wall because the reinforcement and the concrete is
elastic in the uncracked regions. A plastic hinge develops in the cracked regions and a
certain rotation follows. After the forces are distributed to nearby regions, the rotation
ceases. An increasing bending moment (indicated by increased steel stress) at the second
anchor layer (-8.80m) can be observed. The discontinuity in the steel stress distribution is
caused by the computed crack spacing. The steel stress increases only in the vicinity of
cracks. If an other crack model is employed, the same phenomena can be observed
although the steel stress distribution develops differently. [Pernthaner (2002)] has studied
the effect on the earth pressure as well and he could show a decreasing earth pressure in
the vicinity of the plastic hinge.
Fig. 6-5c shows the displacement for the three considered cases. The plastic hinge is well
pronounced as soon as the concrete cracks, the reinforcement ratio plays a secondary role.
The characteristic displacement behavior is the same for both cases and no hazards are
announced by reducing the reinforcement amount in this specific case.
Fig. 6-5d relates the displacement of the final situation (load case 8) to the measured
displacement and to results predicted by other analysts during the benchmark competition.
[Schweiger (2001)] recommended to shift the measurement by 10mm since no absolute
reference of the wall displacement is available. The parameters employed for this analysis
(section 6.1.1) were recommended by Schweiger as a result of an analysis, which is
performed after the measurements were available. This explains the close agreement of this
analysis with the measured data. It can be observed, that the installation of anchor layer 3
in the 7th load case causes the cracks to close.
Although the scatter of displacements depends much more on the uncertainties of the soil
parameters, a constitutive model, which accounts for the nonlinear behavior of the concrete
structure can reduce the required amount of reinforcement tremendously. It may be
expected that such a reduction of reinforcement does not reduce the global safety level.
However, a deeper investigation of this issue is encouraged in order to show in which
situations reinforcement may be saved in geotechnical concrete structures.
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a) Stress in the reinforcement faced to the excavation, LC6
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Fig. 6-5 Results for the diaphragm wall
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6.2 Lining of a Shallow Tunnel
gravel
flysh 1

flysh 2

Fig. 6-6 Railway tunnel “St. Peter in der Au” on the route Vienna - Salzburg

In the example shown in Fig. 6-6 the concrete lining of a shallow railway tunnel, which is
located in “St. Peter in der Au” on the railway route Vienna - Salzburg is investigated. The
concrete construction for the considered sections was established in 2000. It was observed
that the inner reinforcement of the lining caused a disruption of the concrete cover. No
solid information about the displacement is available since measurements were taken on a
limited basis only. It is assumed that the pile heads experienced a displacement in the range
of 5cm inward the tunnel.
When curved rebars are tensioned, turn around forces pointing towards the center of the
curve will arise. Normally, stirrups must be provided in order to sustain forces, which are
acting on the concrete cover. However, when the radius is big and the turn around forces
are small, code recommendations [ON B4700] exist, which allow to sustain turn around
forces only by concrete without stirrups. This concept was applied here, but it has failed. In
order to find the reasons for the disrupture of the reinforcement, the stress in the
reinforcement needs to be scrutinized by considering the whole loading history of the
tunnel.
6.2.1 Investigated Configuration & Material Parameters

The tunnel was established by the open-cut method. First, the ground water table was
lowered and the soil was excavated as indicated by the green lines in Fig. 6-6. Then,
unreinforced piles with a diameter of 1.20m were drilled at a distance of 2.06m down to
-3.00m. As the second step, reinforced piles with a diameter of 1.20m were drilled between
two unreinforced piles down to -7.00m. The tunnel arch including the pile head beam was
installed next. After the concrete has cured to a certain limit, the excavation got backfilled
layer by layer and compacted. During this process the maximum allowable difference of
the soil levels at the left and at the right side was 1 meter. After this backfill process a reestablishment of the ground water was assumed up to +3.35m. The next construction
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sequence was the excavation of the flysh between the piles. The unhidden face of the piles
was covered by concrete jackets as the next step. During this procedure, the disrupture of
the concrete cover in the arch was detected. It was indicated by a crack in the arch parallel
to the tunnel axis as shown by the red arrow in Fig. 6-6
The full construction history is taken into account by considering following load cases.
0 virgin stress K0 = 0.50
1 lowering of the ground water table to -3.40m
2 excavation
3 establishment of piles and lining
LC2)
4 backfill of a 1m soil layer on the left side
5 backfill of a 2m soil layer on the right side
6 backfill of a 2m soil layer on the left side
7 backfill of a 2m soil layer on the right side
LC3)
8 backfill of a 2m soil layer on the left side
9 backfill of a 2m soil layer on the right side
10 backfill of a 2m soil layer on the left side
11 backfill of a 2m soil layer on the right side
LC4 - LC13)
12 backfill of a 2m soil layer on the left side
13 backfill of a 1m soil layer on the right side
14 application of water pressure
15 excavation of soil between the piles to -3.40m
LC15)
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LC 12 backfill

LC 13 backfill

LC 10 backfill

LC 11 backfill

LC 8 backfill

+ 3.35 LC 9 backfill
LC 1 lowering GW table
to -3.40

LC 6 backfill

LC 7 backfill

LC 2 excavation to ± 0.00 ± 0.00

LC 4 backfill

LC 5 backfill

LC 3 establishment of
piles and arch

LC 14
water pressure
61.8kN/m²

LC 15 excavation to -3.40

LC 14

- 2.83 water pressure
61.8kN/m²

- 3.40

- 7.00
120
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1280

120

Fig. 6-7 Numerical model of the investigated excavation

Soil Parameters

The Mohr-Coulomb model is employed for all soil materials. The following soil
parameters can be retrieved from an expert’s report [Waibel (1995)].
K0
g
g´

= 0.50
= 0.021MN/m³
= 0.011MN/m³
E MN/m²
n
j
°
c MN/m²
y
°
g MN/m³

coefficient of earth pressure at rest
volume weight
volume weight under water
gravel
40
0.25
35
0
0
0.021

backfill
20
0.30
35
0
0
0.021

flysh 1
40
0.30
20
0.050
0
0.021

flysh 2
400
0.30
20
0.050
0
0.021

Young’s modulus
Poisson’s ratio
friction angle
cohesion
dilation angle
weight

Table 6-1 Soil parameters based on [Waibel (1995)]

A stratification of the flysh at an angle of 30° to 60° descending from right to left was
reported as well.
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Concrete Parameters

The concrete of the lining is supposed to be a C30/37 according to [EC2]. The maturity of
concrete at disrupture of the concrete cover is not available but by studying the progress
chart of construction, it can be suspected that the disrupture has taken place at 21 days in
the worst-case assumption. Therefore, only 85% of the strength available at 28 days is
taken into account for the numerical analysis. Additional tests of the concrete allowed the
assumption of following parameters.
C30/37, 21day

fcm = 32.3MN/m²
fctm = 2.47MN/m²
E
= 30000MN/m²
n
= 0.20
a
= 0.0
TCO = 0.95
rTCO= 0.005
eyt = 0.00005
b
= 0.20
GF = 60.0Nm/m²
aF = 6.0
L
= 0.30m

Concrete acc. [EC2]
Ottosen parameters according to [MC90]
different crack models (CM 4, CM 5)
creep and shrinkage is not considered
compressive strength
tensile strength
Young’s modulus
Poisson’s ratio
dilatancy factor
tension cut-off value
residual tension cut-off value
tensile yield strain before cracking is initiated
crack closing coefficient
fracture energy
fracture coefficient
equivalent crack length

The unreinforced piles stop -3.00 (-2.83m considered in the analysis) while the reinforced
piles go to -7.00m. The different pile length is simulated in the 2D plane strain analysis by
reducing Young’s modulus, fcm and fctm to 50% for the concrete elements below -2.83m. A
scaling of all other parameters was not necessary since this concrete is not subjected to
cracking.
Reinforcement Parameters

BSt 550
E
= 200000MN/m²
fyk = 550MN/m²
c
= 0.06m

Young’s modulus
ultimate steel strength
distance concrete surface - steel axis

The computer model has all provided reinforcement incorporated as shown in Fig. 6-8. The
regions where the concrete has cracked are marked by red circles.
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17.10cm²/m

31.41cm²/m

every 2nd pile:
longitudinal 24 ø 20
hoops ø12/12 ø100cm

Fig. 6-8 Reinforcement of the concrete structure

6.2.2 Results for the Reference Situation

In this reference situation where the parameters according to [Waibel (1995)] are employed
the tunnel experiences only very small displacements. The results show that the tunnel
remains completely uncracked under service loads. Only insignificant steel stresses, which
do not cause disrupture of the reinforcement, are present. Thus, these reference soil
parameters are either overestimated or the disturbance of the soil during construction
caused an unexpectedly decrease of the soil parameters.

0.19cm

[MN/m²]

0.53cm
Fig. 6-9a) concrete stresses
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6.2.3 Modified Parameters

Numerous studies were conducted in order to find the reasons for the disrupture by
[Brunner (2001), Zotter (2001), Sparowitz (2002)] and more studies are still ongoing.
Experiments are conducted currently in the structural laboratories of Graz University of
Technology in order to find explanations for the disrupture. One study with modified parameters is shown here. Parameters which are not shown here are not altered compared to the
reference situation shown above. The results obtained for this situation are a representative
average for all those vast studies conducted until now where the concrete has cracked.

backfill

flysh 1

flysh 1

flysh 1a
Fig. 6-10 Soil layers assumed for this case study

E MN/m²
n
j
°
c MN/m²
y
°
g MN/m³

gravel
40
0.25
35
0
0
0.021

backfill
10
0.30
18
0
0
0.021

flysh 1
40
0.30
15
0
0
0.021

flysh 1a
20
0.30
18
0.020
0
0.021

flysh 2
400
0.30
20
0.025
0
0.021

Young’s modulus
Poisson’s ratio
friction angle
cohesion
dilation angle
weight

Table 6-2 Modified soil parameters

The backfill material is assumed to be mixed to a certain extent with flysh, therefore the
friction angle is reduced. The Young’s modulus is reduced as well in order to reduce the
self supporting effect of the backfilled soil.
The reported stratification [Waibel (1995)] of the flysh at an angle of 30° to 60°
descending from right to left and the degradation of soil because of the disturbance is
considered by reducing the Mohr-Coulomb parameters outside of the tunnel on the right
side. Inside the right pile wall different material parameters are employed (flysh 1a) since
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only the disturbance causes a reduction of material parameters while the passive earth
pressure acts almost perpendicular to the stratification. Thus, the stratification causes no
additional degradation in this case. An almost inverse situation is present at the left side.
However, this effect is not modeled since the focus is on the results obtained for the right
side of the tunnel.
6.2.4 Results

Fig. 6-11a shows the displacement after the soil between the piles is excavated to -3.40m
(final stage) at the pile head and at the pile foot. Fig. 6-11b shows the development of the
displacement over the load cases. It can be observed that the displacements happen
primarily during load case 15 when the inner soil is excavated during the last load steps.
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Fig. 6-11a) deformed mesh after LC 15
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b)development of the pile head displacement

The compressive concrete stresses are shown in Fig. 6-12. The limit concrete stresses
allowed by [EC2] for C30/37 is 0.45·fck = 0.45·30 = 13.5MN/m². Thus, the structure is
utilized to a high ratio under the applied loads but it is still able to sustain the loads.

[MN/m²]

Fig. 6-12 Compressive stresses
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Fig. 6-13 Rebar Stresses and Concrete Stresses in the pile, [MN/m²]

It can be concluded that the lining is utilized highly under the parameters which have been
assumed for this study. At the top of the lining, the steel stresses are large and big crack
widths are obtained in the analysis and verified by observations made on site. Cracks in the
piles were observed as well on site. The numerical results show also large tensile stresses,
which may cause cracking dependent on the concrete strength on site. It is not modeled
that in deeper regions at the outer side of the piles the soil might be stiffer than assumed in
the analysis and that every second pile is unreinforced. If this would be considered in the
analysis, the tensile stresses in the piles will become larger.
The largest steel stresses at the inner side of the arch are 135MN/m² in this case. In the
parameter studies steel stresses were observed in those cases where the arch has cracked on
the inner side between 100 and 200MN/m². Since these stresses always occur at the inner
side of the kink between the arch and the pile head beam, the kink is considered to be the
weak element of the structure. However, the computed stresses do not indicate disrupture
of the reinforcement under the assumed parameters. Thus, two effects may be responsible
for the disrupture. Either the kink causes some effects in the structure, which were not
accounted for until now by the analysis. Or the soil exhibits a completely different
behavior in this particular region of the damaged lining and loads are transferred to the
structure, which have not been considered so far. Studies are still underway to clarify these
two issues. Both scenarios are possible since, on the one hand, the reinforcement disrupted
only within a certain part of the tunnel. On the other hand, a high utilization might be
present along the entire tunnel since the disrupture occurs suddenly without any
announcement.
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6.3 Corbel
The investigated corbel was tested experimentally by [Mehmel/Freitag (1967)]. Here we
refer additionally to the numerical results given by [Meschke (1991)].
6.3.1 Investigated Configuration & Material Parameters

The geometric layout of the corbel is shown in Fig. 6-14a. Fig. 6-14b shows the analyzed
domain, which makes use of the present symmetry and only one quarter of the system is
analyzed. The employed mesh layout corresponds to the one employed by [Meschke
(1991)]. The reinforcement layout is shown in Fig. 6-15.

a) Geometric Layout

b) employed mesh
Fig. 6-14 Geometric and mesh layout of the investigated corbel

ø 18 mm
ø 16 mm
ø 14 mm
ø 8 mm

Fig. 6-15 Reinforcement layout
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Concrete Parameters

Not all required parameters are available in [Mehmel/Freitag (1967)]. The same parameters
as in [Meschke (1991)] apply in order to produce results which can be compared.
Additional parameters, which had to be assumed, are marked below with an *.

fcm = 22.6MN/m²
fctm = 2.26MN/m²
E
= 21870MN/m²
n
= 0.20
a
= 0.0
TCO = 0.95
rTCO= 0.001
eyt = 0.00005
b
= 0.20
*
GF = 102.0Nm/m² *
aF = 5.0
L
= 0.05m

Ottosen, parameters according to [MC90]
different crack models
creep and shrinkage is not considered
compressive strength
tensile strength
Young’s modulus
Poisson’s ratio
dilatancy factor
tension cut-off value
residual tension cut-off value
tensile yield strain before cracking is initiated
crack closing coefficient
fracture energy (a biggest grain size of 32mm is assumed)
fracture coefficient
equivalent crack length

Steel reinforcement

BSt 550
E
= 206000MN/m²
fyk = 430MN/m²
c
= 0.02m
*
c
= 0.04m
*

Young’s modulus
ultimate steel strength
distance concrete surface - steel axis (all sides)
distance concrete surface - principal reinf. on the corbel top face

6.3.2 Results

In Fig. 6-16 the results obtained by employing different crack models (section 5.3.1) are
presented. Crack model 1 does not account for the tensile failure of concrete. The
performance is the stiffest one and the ultimate load is overestimated. Crack models 2 & 4
do not account for tensile softening. Brittle cracking of concrete is assumed. The
performance is the softest one. However, the ultimate load is almost the same as the one
predicted by crack model 3 & 5. Crack model 3 & 5 account for the tensile softening of
concrete. The results are the most realistic ones, which can be obtained by this program.
These results agree also very well to those computed by [Meschke (1991)]. The ultimate
load observed in the experiment (933kN) cannot be verified by the analysis. The reason
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load P [kN]

might be that the ultimate limit of the steel (fy = 430MN/m²) can be considered as a lower
bound, considering the data given in [Mehmel/Freitag (1967)].

crack model 1
crack model 2
crack model 3
crack model 4
crack model 5

deformation [cm]

Fig. 6-16 Computed results compared with results by [Meschke (1991)]
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P = 525kN

P = 700kN

P = 865kN

rebar stresses

crack planes

concrete stresses

scale for:

rebar stresses;

concrete stresses, [MN/m²]

Fig. 6-17 Rebar stresses, crack planes and concrete stresses in the corbel
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6.4 Bond Critical Frame Joint
An alternative reinforcement layout for frame joints was investigated experimentally by
[Dan Serban (1997), Luiki (1999)] and analytically by [Mandl (1997), Klotzmann (2001)].
The mean difference is that the bars end straight in the corner and stresses are transferred
to the other leg of the frame by bond and shear. This concept works well if the joint is big
enough so that bond does not become crucial.
6.4.1 Investigated Configuration & Material Parameters

In this study, a frame joint tested by [Luiki (1999)] is presented and analyzed. In the
experiment two I sections made of steel are connected to the frame joint as shown in Fig.
6-18a. At one I-section the force is applied by the hydraulic actuator. The other I-section
maintains support for the frame joint. Fig. 6-18b shows the model for the analysis. The
gray region is the investigated reinforced concrete frame joint. On the blue region the
forces are applied. The shear force is applied as a distributed load on the front face and the
moment is applied as a pair of nodal loads. The nodes are located such that the forces can
act along the axis of the reinforcement (thus, the cone shaped elements). On the other end
of the frame joint the concrete nodes are supported in the axial direction as illustrated by
the red bracket. No constraint is assumed in transverse direction. The size of the specimen
and the measurements acquired in the experimental study is shown in Fig. 6-18c. The FEmesh for the subsequent numerical study is shown in Fig. 6-18d. The reinforcement layout
is shown in Fig. 6-18e, f & g.
a) Illustration of the test setup

b) Analytically investigated model

c) Measurements acquired in the experiment

d) Employed mesh, (3D 1 element over depth)
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e) Overview of the reinforcement layout

f) Reinforcement layout in the corner

g) Reinforcement layout

Fig. 6-18 Investigated frame joint
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Concrete Parameters

The only known parameter of the concrete is the compressive strength fc,cube200 =
41MN/m². From this value all other parameters can be determined by code
recommendations.
Ottosen, Ottosen parameters according to [MC90]
rotating anisotropic softening crack model (CM 5)
creep and shrinkage is not considered
fcm = 35.0MN/m²
compressive strength
fctm = 2.70MN/m²
tensile strength
E
= 32000MN/m²
Young’s modulus
n
= 0.20
Poisson’s ratio
a
= 0.0
dilatancy factor
TCO = 0.95
tension cut-off value
rTCO= 0.001
residual tension cut-off value
eyt = 0.00005
tensile yield strain before cracking is initiated
b
= 0.20
crack closing coefficient
GF = 97.0Nm/m²
fracture energy
(dmax 22mm, interpolated between GF,16 and GF,32)
aF = 5.0
fracture coefficient
L
= 0.075m
equivalent crack length
Reinforcement Parameters

GEWI (thread ribbed steel) for Pos  & 
E
= 206000MN/m² Young’s modulus
fyk = 430MN/m²
ultimate steel strength
BSt 550 for all other reinforcement
E
= 206000MN/m² Young’s modulus
fyk = 550MN/m²
ultimate steel strength
Bond Parameters

Considering the reinforcement layout in Fig. 6-18 recommendations for unconfined
concrete apply for this bond situation. The joint was cast in a horizontal position where it
has a depth of 30cm. Thus, Fig. 3-5c applies for finding the bond conditions. The lower
two rebars have good bond conditions. Poor bond conditions apply for the upper two of the
four ø 20mm bars. For simplicity, an average bond strength is assigned to all rebars instead
of employing different bond conditions for each rebar. Four different bond situations are
studied.
Ø advanced bond model [MC90] (supplementary interface for all rebars)
Ø advanced bond model [MC90] for the main reinforcement, rigid bond for all other
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simple design code recommendations [EC2] (anchorage length for all rebars)
Ø rigid bond for all rebars
Ø

Parameters for the advanced Bond Model of [MC90]

The basic parameters are obtained from [MC90] and are modified for reverse loading since
the maximum load is reached in the third cycle (2 repetitions). [Hofstetter/Mang (1995)]
recommend to reduce the strength by 18% for every load cycle. The bond strength for the
two bars with good bond conditions is

t max = 2.0 × f ck × 0.82 × 0.82 = 1.345 × 35 - 8 = 6.98
The bond strength for two bars with poor bond conditions is

t max = 1.0 × fck × 0.82 × 0.82 = 1.345 × 35 - 8 = 3.49
The average of these two strengths is 5.24MN/m². However, the analysis fits best the
experimental observation if tmax = 6.90MN/m² is employed for all rebars in the domain.
Assuming tmax = 6.90MN/m² is still reasonable because a depth of 30cm is the limiting
case between Fig. 3-5b and Fig. 3-5c when distinguishing between good and poor bond
conditions. Further, full unloading but only a minor loading in the opposite direction was
involved during the load cycles. Thus, a reduction of the bond strength by 18% can be seen
as an upper limit. The residual bond strength is 0.15·tmax and the employed parameters are
tmax

= 6.90MN/m²

tf

= 1.04MN/m²

The slip values are increased according to [MC90] by

scyclic = s × (1 + n )

0.107

and n = 2 in this case, Þ scyclic = s ×1.1247

Eq. 6-4

and the following values are employed
s1 = s2 = 0.68mm
s3
= 1.12mm
Simple Design Code Recommendations [EC2] (Anchorage Loss Model)

The design value of the bond strength for the given situation can be obtained from [EC2]
as fbd = 2.85MN/m². We neglect the cyclic exertion since no specific advise is given on this
issue in [EC2]. The average bond strength between the bars with good and poor bond
conditions without the partial safety factor for concrete is
fbk =
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6.4.2 Experimental Results

The load was applied in four displacement-controlled cycles (40/80/120/240mm). The full
displacement of the actuator was recovered in each cycle as shown in Fig. 6-19. The
dashed lines are the displacements obtained at point 6 (Fig. 6-18c). They contain an
additional displacement of the joint resulting from a rigid body rotation caused by a
rotation of supporting steel section. The solid lines in Fig. 6-19 are corrected for this rigid
body rotation. They can be compared to the numerical data, which do not account for this
rotation of the steel support. Additional rigid body rotations in consequence of a certain
gap opening between the concrete joint and the steel plate are neglected.
onset of global softening in the sturcture
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Fig. 6-19 Load-displacement diagram from the experiment

The crack patterns after failure are shown in Fig. 6-20. The load is applied on the left leg.
(The pictures are shown flipped around the horizontal axis in order to agree with all other
figures regarding this example.)

Fig. 6-20 Crack pattern after failure
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6.4.3 Numerical Results
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Fig. 6-21 Experimental envelope vs numerical results

Advanced Bond Model [MC90] (Supplementary Interface) for all Rebars

The bond strength parameters (but not the respective slip parameters) are tuned such that
the ultimate load of the experiment and of the analysis are in good agreement as shown in
Fig. 6-21. The analysis predicts a stiffer performance of the structure than it is observed in
the experiment since only a monotonically increasing load is considered in the analysis.
Unloading / reloading at the load cycles cannot be considered explicitly in the analysis
since, so far no bond slip model for reverse loading is implemented in the program. If Fig.
6-19 and Fig. 6-21 are compared, one might observe that the performance computed
numerically corresponds to that performance, which can be extrapolated from the first load
cycle. The sudden increase of displacement between 47kN and 48kN is caused by sudden
arising cracks in the corner of the joint between these two load levels.
Fig. 6-22 shows results for this situation when slip is considered for all rebars just before
and after the first cracks in the corner of the joint arise (47kN and 48kN) and at failure load
(61kN). Concentrated cracks form especially in the legs since bond slip is considered for
all rebars. It appears that the tension stiffening effect is accounted for in a
phenomenological appropriate way by the supplementary interface model. The cracks
concentrate in the lower half of the joint corner at failure load. This agrees well with the
experimental observation shown in Fig. 6-20. The rebar stresses, interface stresses and the
interface slip are in accordance with the crack pattern. At ultimate load the slip of the main
reinforcement is very high and only some residual bond strength is available. Hence, the
axial steel stress is very low. The stirrups cannot transfer the arising residual forces from
the main reinforcement, since the stirrups have already started to yield.
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P = 47kN

P = 48kN

P = 61kN

a) Crack planes

b) Rebar Stresses

c) Interface Stresses

d) Bond slip

Fig. 6-22 Cracks, rebar stresses, bond stresses and bond slip; slip is considered for all rebars
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70
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50

Force [kN]

The stirrup performance is not discussed here in detail. Fig. 6-23 shows only the
performance for the most critical stirrup (measurement 13 in Fig. 6-18c) during the second
load cycle, when the maximum actuator movement is 80mm. The experimental data starts
with an initial displacement caused be the first load cycle. After the load is higher than in
the first load cycle (35 ÷ 40kN) the experimental data and the numerical data agree well.
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Fig. 6-23 Stirrup deformation at an actuator movement of 80mm
Advanced Bond Model [MC90] for the main reinforcement only

In this case the stirrups and the minor longitudinal reinforcement is restricted to rigid bond.
The structure behaves obviously stiffer than this one where all rebars are subjected to slip
as shown in Fig. 6-21. Once the peak strength along the bond slip curve is overcome any
additional displacement causes a severe degradation of bond strength. In this case of rigid
bond for all minor rebars, much additional displacement is not required in order to
redistribute forces to the stirrups and to the minor reinforcement. Thus, a higher ultimate
load for the joint is obtained. It is interesting to observe that the first cracks in the corner of
the joint arise already between 45kN and 46kN as shown in Fig. 6-21. Because of the rigid
bond restriction the stress gradient is higher at the outer edge of the corner and the first
crack in the corner is initiated at a lower load level.
Design Code Recommendations [EC2] (Anchorage Length for all Rebars)

The performance obtained by employing this simple model is very good as shown in Fig.
6-21 considering that no modifications of the code recommendations are introduced. The
effect that the anchorage loss model transfers the forces slower to the rebar than the
advanced bond model (section 3.7) is counteracted by the not considered reduction of bond
strength because of cyclic loading in this situation.
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Rigid Bond for all Rebars

This model produces obviously the highest ultimate load (Fig. 6-21). This solution is
representative for a situation where the performance is not decreased by losing bond, i.e.,
when the tensile forces are transferred around the corner by a curved main reinforcement.
The difference between this and the other three lines show the losses of bearing capacity
because of bond slip.
The crack pattern and rebar strains are shown in Fig. 6-24 for the rigid bond solution at
48kN and at 72kN (close to failure) actuator force. The tension stiffening effect is not
accounted for and the cracks form in every concrete integration point along the
reinforcement. Thus, the cracks at each integration point are little and still in the softening
regime. In regions where no reinforcement is present the cracks concentrate to a single
crack with bigger crack width. Such a behavior can be observed in nature when the main
reinforcement consists of very small diameters but many rebars and if insufficient rebars
are present over the depth of the beam.
P = 48kN

P = 72kN

Fig. 6-24 Crack patterns and rebar strains for the rigid bond solution
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6.5 Stresses at the Interface of two Concretes
This issue is studied on the special problem of a bridge deck which is retrofitted by casting
a new concrete on the existing deck in order to repair the bridge which was exposed for 25
years to traffic and environmental aggression. In addition, the entire bridge and particularly
the deck needs to be enhanced for increased traffic loads. The question arises if the
interface will behave monolithic or if the interface will crack and dowels are required in
order to transfer forces between the old and the new concrete. This issue is currently
investigated by [Kernbichler (2002), Hartl/Sparowitz (2002), Hartl et al. (2002)].
6.5.1 Investigated Configuration & Material Parameters

The new deck is cast on the existing deck after it was cleaned by means of high pressure
water jetting. The setup for the experimental studies conducted by [Kernbichler (2002)] is
shown in Fig. 6-25. No cracks could ever be observed in the interface, neither during static
loads nor during 3 million dynamic load cycles. The experimental results got verified by
the numerical analysis. Time-dependent effects were taken into account by the analysis as
well. Considerable shear stresses arise in the interface in consequence of shrinkage, which
will be discussed below.

Fig. 6-25 Retrofit of compressive zone [cm]
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Loading sequence

1
2
3

shrinkage and creep (s&c) of old (bottom) concrete for 25years ( = 9125days)
casting of new (top) concrete and s&c of both concrete layers (+ 9125days)
dead load

4

DP = 200kN; SP = 200kN

5

DP = 200kN; SP = 400kN

6

DP = 200kN; SP = 600kN

7

DP = 200kN; SP = 800kN

8

DP = 200kN; SP = 1000kN

9

DP = 200kN; SP = 1200kN

Concrete Parameters
bottom (old)
concrete

fcm = 52.2
fctm = 3.75
E
= 37000
n
= 0.20
a
= 0.0
TCO = 0.94
rTCO= 0.01
eyt = 0.00005
b
= 0.20
GF = 95.0
aF = 6.0
L
= 0.016m

top (new)
concrete

35.1MN/m²
2.90MN/m²
35000MN/m²
0.20
0.0
0.94
0.01
0.00005
0.20
72.0Nm/m²
6.0
0.016

Ottosen, Ottosen parameters according to [MC90]
anisotropic softening crack model (CM5)
compressive strength
tensile strength
Young’s modulus
Poisson’s ratio
dilatancy factor
tension cut-off value
residual tension cut-off value
tensile yield strain before cracking is initiated
crack closing coefficient
fracture energy
fracture coefficient
equivalent crack length

creep and shrinkage parameters according to [fib1]
concrete age at onset
fcm
Eci,28
ncr
a 2·Ac/u
old
1.0 52.2
37000
0.15
0.0
0.20
new
1.0 35.1
35000
0.15
0.0
0.24
Reinforcement parameters
BSt 550
E
= 210000MN/m²
fyk = 550MN/m²
c
= 0.025m
c
= 0.030m
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new concrete

5.23cm²/m
6.29cm²/m
25.16cm²/m

old concrete
6.5.2 Results
Development of Shrinkage and Creep

-0,5
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eps_sh

The interaction of stresses arising in consequence of shrinkage and the following relaxation
caused by creep is accounted for in full scale since the entire stress history is taken into
account. Fig. 6-26 shows the development of shrinkage strains for the old and for the new
concrete. At an age of 25 years (= 9125 days) the new concrete is cast.
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Fig. 6-26 Shrinkage diagrams for the old and the new concrete

Initial stresses arise in the old concrete because of the presence of steel reinforcement,
which acts as a constraint for the shrinkage strains. When the new concrete is cast,
shrinkage has almost ceased in the old concrete and stresses will arise in both concrete
layers. Such arising internal stresses are relaxed considerably by creep. The employed
array of creep curves is shown in Fig. 6-27.
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Fig. 6-27 Array of creep curves for the old and the new concrete

Load Displacement Performance
It was verified by means of a 3D analysis that the 3D effects caused by the point load in
the middle of the structure are insignificant [Hartl/Sparowitz (2002)]. Hence, all results
shown below are obtained from a 2D plane strain analysis of the structure shown in Fig.
6-25. Fig. 6-28 shows the load displacement performance of the 2D domain. It is assumed
that the 3 million dynamic load cycles caused the tension stiffening effect to disappear
since the experimental data shows nearly no tension stiffening effect. In the analysis,
dynamic loads are not considered at all. This explains the stiffer performance of the
analysis compared to the experiment.
An initial displacement is obtained for the old concrete when creep and shrinkage is
considered since the higher reinforcement ratio on the bottom of the plate acts as shrinkage
constraint. After the new concrete is cast the entire old concrete acts as shrinkage
constraint for the new concrete and more initial displacement is obtained. It is important to
note that the ultimate load is almost independent of the age of the structure.
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Fig. 6-28 Load displacement performance with and without considering shrinkage and creep

Normal Stresses in Concrete
The normal stresses caused by creep and shrinkage are shown in Fig. 6-29. A considerably
tensile stress exists at the bottom after the old concrete experienced creep and shrinkage
over 25 years since the reinforcement obstructs the shorting caused by shrinkage as shown
in Fig. 6-29a. The normal stresses are almost zero at the top of the plate since the
reinforcement ratio is much lower.
Fig. 6-29b shows the stress distribution when the new concrete is 25 years old (and the old
concrete is 50 years old). The new concrete has high tensile stresses and the old concrete
has compressive stresses close to the interface.
Fig. 6-29c shows the stresses when an external load is applied. The tensile stress at the
bottom end is increased until cracks occur and compressive stress is superimposed on the
tensile stress in the new concrete.
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a) after 25 years shrinkage & creep of the old concrete

b) after 50 years s&c (age of new concrete is 25 years)

c) 50 years and P = 200kN

Fig. 6-29 Normal stresses in consequence of shrinkage and creep at the end of the plate

Shear Stresses at the Interface
The development of shear stresses in the interface are one of the primary goals of the
investigation since it is the key element for the entire performance. During the experiment
the interface between the two types of concrete did not crack and no relative movements of
the two types of concrete could be measured. The numerical analysis shows that interface
stresses up to 2MN/m² arise in consequence of loading (Fig. 6-31). Creep and shrinkage
cause a high shear stress concentration at the ends where shear stresses up to 2MN/m² can
arise. These stresses do interfere hardly with the shear stresses caused by external loads.
[Daschner (1976)] observed that concrete develops at a well prepared interface almost the
same strength as monolithic concrete. Considering the Mohr circle, the ultimate shear
strength is the tensile strength of the weaker concrete, since the according principal stress
has the same magnitude and is obtained by rotating the axis by 45°. Thus, the shear stress
in the interface is utilized to about 2/3 of its ultimate capacity.

Fig. 6-30 Scale for the shear stresses
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txy without shrinkage and creep

txy with shrinkage and creep

LC 1
old concrete
25 years old at
casting of new
concrete
LC 2
old concr 50 y.
new concr 25 y.

LC 3
dead load

LC 4
DP = 200kN
SP = 200kN

LC 5
DP = 200kN
SP = 400kN

LC 6
DP = 200kN
SP = 600kN

LC 7
DP = 200kN
SP = 800kN

LC 8
DP = 200kN
SP = 1000kN

Fig. 6-31 Shear stresses with and without shrinkage and creep
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The conclusion of this investigation is that a monolithic interface can be achieved if the
interface between the two concretes is prepared carefully. The outer edge requires special
care like conventional dowels as shown in Fig. 6-32a. A better solution is to transfer the
shrinkage stresses not via shear stresses in the interface but via normal stresses on the head
as shown in Fig. 6-32b. Another good solution is shown is Fig. 6-32c where a permanent
compressive stress is applied on the interface.

a)

b)

c)

Fig. 6-32 Detailing of the outer edge

6.6 Shed Roof Girder
6.6.1 Investigated Configuration & Material Parameters
The girder shown in Fig. 6-33 is a prestressed shed roof girder, which has a very high
slenderness ratio (h / l ≈ 26). The girder was precast in three parts with concrete C40/50.
On the site these three parts got supported by two temporary scaffolds. Then the joints
(w = 17.5cm) were cast with concrete C25/30. After the joint concrete had cured for 20
days at winter temperatures the tendons were introduced into the ducts and got prestressed.

temporary
scaffolds

Fig. 6-33 Front view of the shed roof girder

Helmut Hartl

177

6 Case Studies

Z1

2

Z

Y1
Z

27,0

,1
20

2
2

3

2

1

3

2
1

neu

1

Y

1

1

Fig. 6-34a) End cross-section of the girder
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b) Middle cross-section of the girder

Material Parameters & Loading
The geometry of the girder, the reinforcement layout, the prestressing, and loading history
of this girder is rather complex. Thus, only some key parameters are provided here. For a
full description of the girder reference is made to [Handel (2002)].
Concrete C40/50 fcm = 48MPa fctm = 3.40MPa GF = 90Nm/m² n = 0.20 Ec = 32000MPa
 bonded tendon (each)
Ap = 6.00cm²
 bonded tendon (each)
Ap = 4.00cm²
 mild reinforcement (each) Ap = 0.79cm²

fyk = 1770MPa
fyk = 1770MPa
fyk = 500MPa

Ep = 190000MPa
Ep = 190000MPa
Es = 200000MPa

The construction process described above is accounted for in detail during the analysis.
The dead load of the girder is 19kN/m. The permanent load caused by the roof covering is
11.37kN/m. The snow load was applied accordingly to the meteorological data for this
region (Salzburg/Austria). The highest snow load was 6.46kN/m in winter 1999/2000,
when the girder was 11 years old. The snow got unloaded in this year after 30 days. Fig.
6-35 shows the displacement over time where the effect of creep and creep-relaxation after
unloading the snow can be accounted for in a phenomenological right way, since the entire
stress history is stored for the concrete. Fig. 6-36 shows the stress in the prestressed and in
the mild reinforcement after 11 years.
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Fig. 6-35 Time - displacement diagram

Fig. 6-36 Illustration of stresses in the tendons and in the mild reinforcement after 11 years
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BEFE-Concrete
User’s-Manual
[BEFE (2001)] is the basis for the developed software. BEFE is a program for static and
dynamic analysis of solids using the finite element method, the boundary element method
or a combination of both methods. The program allows consideration of construction
processes and nonlinear material behavior as well as sequential excavation and backfill.
Therefore, the program has features useful built for structural and geotechnical
engineering. BEFE has a reasonable user environment for preparing input data and
visualizing results of the computed 2D or 3D domain.
With the new concrete module, BEFE can compute the load-bearing performance of
reinforced and prestressed concrete structures during construction and loading sequences.
The following features of reinforced concrete can be accounted for:
Ø Consideration of reinforcement at its exact spatial position
Ø Yielding of steel
Ø
Ø
Ø
Ø
Ø
Ø

Bond slip of embedded reinforcement in concrete or in a duct
Prestressing of reinforcement
Creep
Shrinkage
Cracking
Crushing

Because of the features of [BEFE (2001)] in geotechnical engineering, soil structure
interaction problems can be investigated as well. Since the domain may change during the
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analysis, numerous construction sequences may be considered. A typical construction
sequence is
Ø Start with a virgin stress situation
Ø Change the level of the ground water table
Ø Excavation of soil, layer by layer
Ø Erection of the substructure, sequence by sequence
Ø Sequence of prestressing
Ø Backfill of soil
Ø Restore initial ground water table
Ø Erection of the superstructure, sequence by sequence
[BEFE (2001)] and the concrete extension can be run in a Windows-based environment
throughout the entire analysis process. Knowledge of the file structure behind is not
necessarily required but recommended. When getting started with the program, the user is
supported by a Windows-based user-environment. However, with increasing experience, it
will become more convenient to change certain input data directly in the input files.
Therefore, emphasis is laid on a deeper understanding of the program structure.

7.1 Installing BEFE-Concrete
7.1.1 Installation Procedure
1.) Install the standard version of BEFE onto your computer
2.) Obtain a valid user license for BEFE
3.) Try to run a simple example with BEFE (optional)
4.) Make a backup-copy of your BEFE-folder (..\BEFE\*.*) to a backup folder
(..\BEFE\ORIGINAL\*.*)
5.) Install the BEFE-Concrete extensions as instructed by the readme file
6.) Test the installation by analyzing some of the sample projects

7.2 Guidelines for Finite Element Analysis
Ø

Start always with a domain as simple as possible, where you can compare the results
either to analytical solutions, benchmark examples or at least to your experience.

Helmut Hartl

181

7 BEFE-Concrete User’s-Manual
Ø

You must be able to interpret the elastic solution. In certain cases, the elastic solution
seems to give contradictory results. However, a deeper inspection may show either that
the results are correct, or that the mesh must be modified, since it is inappropriate.

Ø

Start to add the reinforcement after you are confident about the elastic solution of the
parent domain.

Ø

Account for the concrete phenomena systematically step-by-step in your numerical
model. For a parameter study, change always just one parameter in order to avoid a
confusing superposition of effects. This seems to be laborious, since many runs are
needed until you cover the entire complexity of the problem. However, this step-bystep approach will be the fastest way in the end.

Ø

Note:

Never start to prepare input data, which have the full complexity of the
problem incorporated. It will be impossible to judge the results since a
superposition of many phenomena may take place.

7.3 Input of the Parent Domain and Linear Analysis
[BEFE (2001)] allows the user to prepare the following data with a graphical preprocessor:
the finite element mesh of the parent domain, the material properties, an optional virgin
stress and all external loads. No features of the concrete module will be needed as long as
the linear analysis of the parent domain is of concern. Thus, reference is made to the user’s
manual and reference manual of BEFE in order to provide these input data. Below, the
main window of the BEFE Expert Shell is shown. The dialog window is supposed to guide
the user through the analysis process.
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Material
Postbefe
Virgin Stress
Calculate
Prebefe

Fig. 7-1 Main window of the [BEFE (2001)] Expert Shell

When the user starts the calculation by pressing the “Calculate” button in the Expert Shell
(Fig. 7-1), a linear analysis can be invoked regardless of the provided material types by
selecting “Elastic” as type of solution in the dialog shown in Fig. 7-2.
The information provided via the dialog shown in Fig. 7-2 is stored to the ASCII-file
BEFE.CDR. It may be convenient for parameter studies to modify BEFE.CDR directly
with a text editor, instead of recreating the file permanently with the dialog in Fig. 7-2. The
file BEFE.CDR is explained in detail in the reference manual of [BEFE (2001)].
Different options are available to add results of a load case to previous results. However,
the default settings assume a load case as an incremental change of loads acting on the
domain within the load history.
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Fig. 7-2 Dialog for preparing loading information (BEFE.CDR)

After BEFE.CDR is created with help of the dialog shown in Fig. 7-2, the analysis can be
started within the Windows-based user environment. In such a case, where BEFE.CDR
was modified manually, the FE-analysis can be started in the same way or often even more
conveniently by starting the files MESH.EXE and then BEFE.EXE manually.

7.4 Nonlinear Analysis with BEFE-Concrete
7.4.1 Flowchart for a FE-Analysis with BEFE and BEFE-Concrete
Fig. 7-3 shows the steps a user has to follow for a FE-analysis with BEFE compared to a
FE-analysis with BEFE-Concrete. It is up to the user to which extent the graphical user
interface is utilized and to which extent the input files are edited directly and the routines
are started manually. The recommended way is to start with the user environment for
generating the first draft of the input. After a stable analysis is obtained and the timeconsuming parameter studies are performed it is more convenient to modify the input data
in an editor.
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a) Flowchart for BEFE

b) Flowchart for BEFE-Concrete
ExpertC.exe
EXPERT.exe
purpose: acquire input data for the analysis
material data
MATE.DAT
virgin stress (optional) STRESS.DAT

EXPERT.exe
purpose: acquire input data for the analysis
material data
MATE.DAT
virgin stress (optional) STRESS.DAT

PREBEFE.exe
purpose: graphical user input of
domain geometry&loading
output : CAD.DAT, CAD.LS*

PREBEFE.exe
purpose: graphical user input of
domain geometry&loading
output : CAD.DAT, CAD.LS*

Output: MESH.CDR geometry&material parameters
BEFE.CDR loading history

Output: MESH.CDR geometry&material parameters
BEFE.CDR loading history

RcMat.exe
purpose: acquire material parameters
for reinforced concrete
output : RC_MAT.CDR
RcGeo.exe
purpose: acquire rebar geometry
output : RC_GEO.DAT
ReDis.exe
purpose: discretization of rebars to domain
input : RC_GEO.DAT
MESH.CDR
output : RC_GEO.CDR
MESH.exe
purpose: prepare data for analysis
Input : MESH.CDR
Output : BEFE*

MESH.exe
purpose: prepare data for analysis
Input : MESH.CDR
Output : BEFE*

BEFE.exe
purpose: FE-analysis
input : BEFE.CDR
BEFE*
output : BEFE*

BEFE.exe (with Concrete Module)
purpose: FE-analysis
input : BEFE.CDR
RC_MAT.CDR
RC_GEO.CDR
BEFE*
output :BEFE*,
RC_Concrete.lpt
RC_Conv.lpt, RC_Crack.lpt
RC_Creep.lpt,RC_dialog.lpt
RC_Plot1.lpt, RC_Plot2.lpt
RC_Rebar.lpt,RC_Sys.lpt
RC.lpt,
RC_Slip.lpt
Rb_Crack.lpt, Rb_PM.lpt

POSTBEFE.exe
purpose: graphical postprocessing
Input
: BEFE*

POSTBEFE.exe
purpose: graphical postprocessing
Input : BEFE*
RbOut.exe
purpose: visualize some RC_*.LPT files
input : RC_*.LPT
output : RbO*.htm, RbO.wrl
Internet Browser with VRML-Plugin
purpose: visualize RbO_Vis.htm
input : RbO_Vis.htm

Hint: The files printed in blue color are supposed to be edited directly by an experienced user
Fig. 7-3 Comparison of the flowcharts for an analysis with BEFE vs. BEFE-Concrete
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7.4.2 BEFE-Concrete Expert Shell
Providing the input data and performing the FE-analysis can be followed by means of the
BEFE-Concrete Expert Shell (start EXPERTC.EXE). An experienced user may edit

directly the input files in a text-editor and start the required routines manually.

BEFE Expert
Rebar-Edit
Rebar-Redis

Result files
RbOut
Analyze
Material

Fig. 7-4 BEFE-Concrete Expert shell

With the “Directory” button, a project directory can be specified. Be aware that one
directory can only contain one domain. The project directory is stored in the file
DIRINF.XXX, this file is stored in the root directory of the operating system (e.g. C:\).
The “BEFE” button starts the BEFE Expert Shell (see section 7.3) and all information about
the domain, an optional virgin stress and all external loads can be provided within BEFE.
The entire linear analysis (and non-linear analysis for other materials than concrete) can be
performed within the BEFE Expert Shell.
The “Rebar-Edit” button starts the routine RCGEO.EXE for specifying the geometric
information about the reinforcement. The reinforcement information is stored in
RC_GEO.DAT. This file can be modified or even provided completely with a text-editor
rather conveniently as well. Specifying the reinforcement will be discussed in section
7.4.3.
The “Rebar-Redis” button starts the preprocessing routine REDIS.EXE, which discretizes
the provided reinforcement to the element mesh as discussed in section 7.4.4.
The “Hammer” button starts RCMAT.EXE, which creates or changes the ASCII-file
RC_MAT.CDR as discussed in section 7.4.5. This file contains following parameters:
control of the computational progress
Ø rebar material
Ø

rebar-concrete interface
Ø parent concrete
Ø environmental history
Ø
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The “Analyze” button starts the FE-analysis by invoking MESH.EXE and BEFE.EXE as
discussed in section 7.4.7.
The “RbOut” button starts the post-processing routine RBOUT.EXE. The results computed
for the rebars and some results for the parent elements (cracks, material age, stresses &
strains) can be visualized with RBOUT.EXE as discussed in section 7.5.1. Other results of
the parent elements are in general visualized with POSTBEFE.EXE.
All results for the reinforced concrete can be studied numerically with a text editor as well,
since the result-files are provided in ASCII-format. These files are explained in detail from
section 7.5.2 on.
7.4.3 Providing the Reinforcement (RC_GEO.DAT)
The reinforcement layout can be provided in global coordinates. Thus, the reinforcement
data are independent of the mesh discretization for the parent domain. The routine
RCGEO.EXE (Fig. 7-5) supports the user in order to provide these reinforcement data,
which are stored to the ASCII-file RC_GEO.DAT. The discretization to the parent element
mesh is performed with the routine REDIS.EXE, which creates RC_GEO.CDR as input
file for the FE-analysis.
A feature, which imports the reinforcement layout directly from a CAD-database, should
be developed in near future.

mechanical
information

rebar geometry

prestress load &
prestress sequence

copies

Fig. 7-5 Preprocessing routine RCGEO.EXE for providing the geometric data of the reinforcement
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The preprocessing routine RCGEO.EXE produces the file RC_GEO.DAT. This file can be
opened and modified with any text editor. The handling of the preprocessing routine
becomes self-explanatory by exploring the syntax of the file RC_GEO.DAT.

Fig. 7-6 Quick reference to RC_GEO.DAT
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The syntax of RC_GEO.DAT is illustrated in Fig. 7-6. The comments are supposed to
provide a briefing to all features. A detailed explanation of RC_GEO.DAT is given below.
After the file header (first three lines) each line starts with a keyword in the first four
columns, followed by the respective information. Lines containing no keyword (four
blanks) are omitted. Lines containing the column template (1234 2345678…) are
omitted as well. Any information to the right of an exclamation mark (!) is considered as
a comment. The information left of the exclamation mark is considered as input
information. Thus, even parts of a line can be a comment if so desired by the user. All
values have to be provided in the corresponding columns in order to be read correctly by
the program.
1.c RC_GEO.DAT, Input of Reinforcement
”1.c” is the current version index of the input file. If the version index of this
input file does not correspond to the version index expected by REDIS.EXE, either
a message how RC_GEO.DAT needs to be updated will be displayed, or the
program will notify the user which assumptions have been made.
factor for units below to match MESH.CDR: F20.3
For convenience, the coordinates and diameter/area (and an optional wedge-pull-in
if applicable) of the rebars can be provided in any units to RC_GEO.DAT. In order
to match the rebar coordinates to the element coordinates provided in MESH.CDR,
the coordinates provided in RC_GEO.DAT are multiplied by this factor. If meters
are used in MESH.CDR but centimeters are employed in RC_GEO.DAT the factor
needs to be provided as 0.01. If meters are employed in both files, the factor is 1.0.
warn, if BEFE-nodes are closer than: F20.3
The distances between all nodes provided in MESH.CDR are compared. If any
distance is lower than the given limit, a warning message will be displayed. This
check is done in order to warn about two very close nodes, which should probably
be only one node. The check can be waived by setting the tolerance limit to 0.0.
1234 2345678 2345678
This is a column template. All values provided below need to be aligned along the
columns indicated by this template for the preprocessing routines.
pos A20
For convenience, an optional name may be provided for the rebar. This is not
required for the analysis, but it ensures a better orientation in the output files.
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If any of the gray highlighted and in violet letters printed values is not
provided for the position of a rebar, the values of the previous position apply. The syntax
of the values is described below.
dia F16.4
The diameter of the rebar can be provided here
area F16.4
For some cases (2D, or some tendons) it is more convenient to provide the area of
the rebar instead of the diameter. If the area is provided, the diameter must not be
provided. Then, the diameter is computed from the provided area by d = 4 × A / p .
mat I16
The material number of the rebar needs to be provided here. The rebar material
numbers are independent of the parent element material numbers. Hence, one is
advised to start again with material number “1” for the first rebar material. The
properties of the rebar material and of the rebar-concrete interface need to be
provided in the file RC_MAT.CDR, which is discussed below in section 7.4.6.
act I16
The load case of the rebar activation is provided here. For most situations, the load
case of activation is “1”. However, if construction sequences are considered, the
rebars might be activated later. For computational reasons, a rebar can be activated
only for load cases, for which the stiffness of the parent element will be computed.
Otherwise, the rebar is not considered correctly. Thus, one of the following cases
must apply for the parent element:
Ø the parent element gets activated for the same load case
Ø the parent element gets backfilled for the same load case
Ø the parent material is exchanged for the same load case (ground support)
In uncommon cases, where a rebar is activated and none of the three cases applies,
it is recommended to exchange the parent material by itself. This means: apply the
same material number again and read all stresses and strains from the previous load
case.
dea I16
The load case of rebar de-activation is provided here. If the rebar is present until the
end of the computation, any number as large or larger than the largest load case
number, which is considered in BEFE.CDR can be provided. For computational
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reasons, a rebar can be de-activated only for load cases, for which the stiffness of
the parent element will be computed as explained above at the keyword ”act”.
bond I16
Three different bond models are available for the embedded rebars
bond = 1

Rigid bond model, according to section 3.3. Perfect bond is assumed
for the embedded rebars

bond = 2

Anchorage loss model, according to section 3.4. The yield strength at
the ends of the rebars is modified such that the force in the rebar
does never exceed this force, which can be transferred by bond
according to design code recommendations.

bond = 3

Supplementary interface model according to section 3.5. At the
material level, continuous interface elements are introduced between
the rebar and the concrete. The rebar strains are modified according
to slip occurring in the interface.

Note:

If bond is considered in a 2D analysis, it is very important to modify
the bond strength as shown in section 3.6.

rcis I16
rebar concrete interface stress
rcis = 0

the interface stress is computed by linear analysis as σ = Del × ε
where Del is the elasticity matrix of the parent concrete

rcis = 1

the interface stress is computed by nonlinear analysis using the
respective constitutive equations of concrete. The potential of
predicting such stresses is discussed in section 2.4.3.

If the interface stresses are not of special interest, this value should be 0 in order to
save computing time. The interface stresses computed by means of linear analysis
may differ considerably from interface stresses attained from nonlinear analysis.
(e.g., cracking is not accounted for if rcis = 0) However, this does not affect the
other results.
The performance of the structure may be affected only if the transverse pressure on
the rebar enters the bond resistance of the rebar. This is the case if the MohrCoulomb model is employed for the interface (anchorage-loss model or duct
friction within the supplementary interface model) and the frictional term sn·tanj
gives a significant contribution to the bond resistance. In all other situations, the
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interface stresses do not affect the performance of the structure since these interface
stresses are not integrated to residual forces.
lhf F16.1
The left-hand-factor allows the user to control for which ratio the rebar is accounted
for in the stiffness matrix (lhf=1.0) and for which ratio at the level of residual
forces (lhf=0.0). As a rule of thumb, a fast rate of convergence is obtained for
rebars with good bond conditions and minor cracking in the element if the value
tends to 1.0. The left-hand-factor can tend to 0.0 for rebars, which are subjected
to slip (e.g. tendons in a duct). Reference is made to section 2.1.4 for more details.
The gray highlighted and in blue letters printed values need only be provided, if the
rebar is prestressed.
preL

2D: 19x,5I8

3D: 27x,5I8

The load case referring to the prestress action is defined here. A maximum of five
prestress actions can be provided for one rebar in the current version of the
program.
preT

2D: 19x,5I8

3D: 27x,5I8

Prestress type
preT = 1

Prestress is applied by hydraulic jacks until the defined force level is
reached. Hence, the force in the tendon is independent of the elastic
displacement of the parent domain. If the slip between the rebar and
the duct is taken into account (bond=3), a tendon elongation will be
computed.

preT = 2

Prestress is applied as a corresponding initial strain of the rebar. The
final stress, which arises in the rebar, is dependent on the elastic
displacement of the parent domain. If slip is taken into account
(bond=3), the final stress is dependent on slip as well. This
becomes significant at the ends where the stress is zero and a wirepull-in will be obtained.

P_S

2D: 19x,5F8.4

3D: 27x,5F8.4

Prestress force at the start node of the rebar. The force should be provided
preferably in [MN].
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Note 1:

Prestress forces, which are applied by hydraulic jacks (preT=1) may be
provided either as a force (P_S) or as a stress (explained below at
keyword ”cor” / ”mid”).
A prestress applied by pre-straining the wire in the prestress bed
(pre_T=2) cannot be provided as force by P_S. It can be provided only
as stress (explained below at keyword ”cor” / ”mid”)

Note 2:

The provided force (or stress) is the target force (or stress) level in the
tendon and not the incremental force (or stress).

Example: LC1: P_S = 0.800MN
LC2: force decreases to 0.753MN (wedge pull in, creep&shrinkage, etc)
LC3: P_S = 1.000MN (the force increases for 0.247MN to 1.000MN)
P_E

2D: 19x,5F8.4

3D: 27x,5F8.4

Prestress force applied at the end node of the rebar. The same syntax as for ”P_S”
applies
2D: 16x,I3,5F8.4

wedS

3D: 24x,I3,5F8.4

The anchor acting at the start node and the wedge-pull-in at the start node can be
provided in this line.
Anchor types
0

No anchor is present at the start node if ”0” is provided as input

1

A life anchor is installed at the start node by providing ”1” as input. A life
anchor gets activated after the first prestress action is finished. This implies
that the prestress force is already applied and the hydraulic jack is replaced by
the anchor. In the first load case, when the life anchor is active, a certain
wedge-pull-in, which is described below, may optionally be applied. If an
additional prestress action is applied in a subsequent load case to the same
tendon, the anchor will be replaced again by the hydraulic jack and the abovedescribed procedure will be repeated.

2

A dead anchor is installed at the start node by providing ”2”. Such an anchor
type is always active. This anchor type can be assigned as well to mild steel in
combination with the supplementary interface model (bond = 3). In such a
case, the anchor simulates either a head anchor or a symmetry condition.

Wedge-pull-in
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After prestressing, two scenarios may follow as next load case for the considered
tendon.

wedE

Ø

Either another prestress action takes place,

Ø

or the hydraulic jack is removed and a wedge-pull-in is obtained in consequence
of installing the anchor. Thus, the provided wedge-pull-in applies always in the
subsequent load case. No prestress force (or stress) must be applied in such a
load case where a wedge-pull-in should apply.

2D: 16X,I3,5F8.4

3D: 24x,I3,5F8.4

Anchors and wedge-pull-in for the end node. The same syntax as for ”wedS”
applies.
The gray highlighted and in black letters printed values define the rebar
geometry. This input is required for all kinds of rebars. The geometric layout can be
provided in a polygonal form by defining the corner points of the polygon. A parabolic
axis can be described by providing a middle node between two corner nodes. The
interpolation of the displacements along the rebar axis depends on the shape functions
employed for the parent elements.
cor

2D: 2F8.3,I3,5F8.3

3D: 3F8.3,I3,5F8.3

The geometric layout of the reinforcement can be provided in a polygonal form.
The corner nodes are identified by the keyword ”cor” and are provided in the
order x,y,z for the 3D case and x,y for the 2D case.
The load case of grouting (LG) needs to be considered, if the supplementary
interface model is employed for the modeling of bond (bond = 3). In such cases
where the entire rebar is embedded in concrete from the beginning on, the load case
of grouting is 1 and bond is controlled by a model as described in section 3.1
[MC90]. The situation is different if the interface behavior is controlled by friction
(e.g. tendon in duct, soil anchor). Before the duct is grouted, the rebar-concrete
interface is controlled by friction as described in section 3.2. For the load case of
grouting, the interface model is changed to the bond model of [MC90] for rebars
embedded in concrete. Grouted conditions are assumed for all subsequent load
cases.
Sometimes the rebar is only grouted partially (e.g. a soil anchor). Therefore, a
different load case of grouting may be provided to each node. The provided load
case of grouting applies from the given node on until a new load case of grouting is
provided within the considered rebar-position (”pos”).
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The prestress acting along the rebar can be provided directly at each node. This is
an alternative way of input for prestress applied by hydraulic jacks (preT = 1).
For prestress applied in the prestress bed (preT = 2) this is the only available
way of providing prestress. If prestress is applied in the prestress bed, the final
stress state at the ends of the concrete member is 0 and the stress distribution along
the embedded wire is not known. Therefore, it must be computed. (Compare
section 4.2.1 and section 4.3.1). Hence, the stress according to the strain, which is
applied to the wires between the two yokes, is provided here as input at each node
(cor/mid) along the rebar. The stress distribution after releasing the wires from
the yokes is computed by the program.
mid

2D: 2F8.3,I3,5F8.3

3D: 3F8.3,I3,5F8.3

A middle node can be provided between two corner nodes. A parabola will be
established between the two-associated corner nodes.
cut
This keyword indicates that the input procedure for the geometric layout of the
reinforcement of this position is finished. The discretization process to the mesh
can be started. An entire position can be commented by providing a ”!” before
the keyword ”cut”. In such a case, the ”copy” keyword must not follow as well.
copy

2D: 2F8.3,I3

3D: 3F8.3,I3

The rebar can be copied n times by providing an interval vector (2D-case: Dx, Dy;
and 3D-case: Dx, Dy, Dz) followed by the number n of copies. Another ”copy”
keyword in a subsequent line continues the copy process with the last copy of the
rebar as reference.
7.4.4 Discretization of the Reinforcement to the Mesh (RC_GEO.CDR)
The information provided by the user in RC_GEO.DAT is independent of the parent mesh
nodes provided in MESH.CDR. The routine REDIS.EXE discretizes the reinforcement to
the finite element mesh and the file RC_GEO.CDR is created. It is an input file for the FEanalysis by BEFE.EXE.
The routine REDIS.EXE can be started without requiring any additional input via the
respective button in the BEFE-Concrete Expert Shell (Fig. 7-4). The distance check of the
parent element nodes can be skipped during execution of REDIS.EXE. This has the same
effect as setting the warning limit to 0.0 as discussed in 7.4.3.
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Note: REDIS.EXE needs to be executed only if either the mesh (MESH.CDR) or the
reinforcement (RC_GEO.DAT) was modified. It is not necessary to run it before
every start of BEFE.EXE.

Fig. 7-7 Discretization of the reinforcement to the element mesh with REDIS.EXE

7.4.5 Parent Material Parameters (MESH.CDR)
The plasticity parameters for the parent material can be provided by means of the BEFE
Expert Shell.
In the card for the elastic properties, the user is asked to provide Young’s modulus and
Poisson’s ratio. If a 2D plane-stress or plane-strain analysis is performed, it is
recommended to set the thickness to 1.0 in every case.

Fig. 7-8 Providing the concrete material parameters via the BEFE Expert-Shell
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In the card for the plastic properties, the compressive strength fcm, the tensile strength fctm,
the tension cut-off factor TCO and the dilatancy factor a need to be provided.
If the parameters for the [Ottosen (1977)] criterion, which is employed for concrete
crushing, are computed according to [MC90] or according to [Dahl (1992)], can be defined
in RC_MAT.CDR. [MC90] computes the parameters from the compressive strength fcm and
from the tensile strength fcm of concrete while Dahl determines the Ottosen parameters only
from the compressive strength fcm.
Thus, the value for the tensile strength must not be modified since this would change the
entire shape of the Ottosen failure envelope, especially if the [MC90] recommendations
apply to the Ottosen parameters. A limitation of the tensile stresses can be obtained by
providing a proper tension cut-off factor as discussed in section 5.3.1. The tension cut-off
factor can be chosen between 0.0 and 1.0. However, in order to ensure a good transition
between pure cracking and mixed failure modes, a tension cut-off smaller than 1.0 is
recommended. Further, numerical problems at the apex of the Ottosen surface should be
prevented by a proper tension cut-off value as well. A tension cut-off factor in the range of
0.90 ÷ 0.95 is a first but good guess. Details are given in section 5.3.3.
The dilatancy factor a defines the surface representing the plastic potential, which is a
Drucker-Prager surface. If the dilatancy factor a is zero, the Drucker-Prager surface
reduces to the von Mises cylinder as discussed in section 5.3.2.
The provided material parameters are stored in the file MATE.DAT, which are processed
automatically by the BEFE Expert Shell to the file MESH.CDR. An experienced user can
change the material parameters directly in the file MESH.CDR for parameter studies as
shown in Fig. 7-9. The file MESH.CDR contains data in the following order: global node
coordinates, element connectivity, material properties, support definitions and optional
joint planes. Thus, this block, defining the material parameters, is almost at the end of
MESH.CDR in general.

Fig. 7-9 Concrete parameters in file MESH.CDR
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7.4.6 Material- & Computation-Control Parameters (RC_MAT.CDR)
All other parameters employed in BEFE-Concrete are provided in RC_MAT.CDR. This file
can be created and modified either by utilizing the routine RCMAT.EXE, which can be
started from the BEFE-Concrete Expert Shell. Alternatively, RC_MAT.CDR can be created
or modified directly by means of a text editor as well.

Fig. 7-10 Main Window of RCMAT.EXE

The tool RCMAT.EXE is shown in Fig. 7-10. The handling of this tool will be selfexplaining, if the syntax of RC_MAT.CDR is known. Fig. 7-11 visualizes RC_MAT.CDR
with explanations how to provide the input data. In the following text, a detailed
information about the required data is given.
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Fig. 7-11 Quick reference of RC_MAT.CDR
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Trace level 0,1,2:
It is recommended to set the trace level equal to 0 for the general case. Then, the
results will be written to the output files (RC_*.LPT) for the last iteration step
within every load step.
If the trace level is set equal to 1, the results will be written for every single
iteration step to the RC_*.LPT files. This should be done only, if an in-depth
investigation of the iteration process is needed.
If the trace level is set equal to 2, a very detailed information about all
computational steps is written to RC.LPT. The size of RC.LPT can become
tremendous. Thus, trace level 2 (or even higher) is supposed to support a program
developer, but it will be useless in most cases for a standard analysis.
Integration order

1,2,3,4,5,6,10:

The program allows the user to employ a order of integration raging from 1 to 6 and
10. The user can define how many integration points are employed along every axis
for stress recovery. Normally, the order of the integration should be chosen as 2 or
3. If the integration order is 2, 2·2 = 4 points will be employed for a 2D parent
element (2·2·2 = 8 points for a 3D element). If the integration order is 3, so 9 points
will be employed for the 2D element and 27 points for a 3D element. Hence, the
computational expense increases. In most cases, an integration order of 2 is
sufficient. For special studies, the order of integration may be set as well equal to 3.
memory usage

0,1,2:

This feature has no effect on the results, but it might tune the computer in order to
perform the computations faster. BEFE-Concrete has some features to save CPUtime by allocating more RAM. However, in the case of today’s standard computers,
this feature affects the computing time only marginally. Hence, an explanation
therefore could be that the internal transfer of data from the RAM into the processor
is slower than re-computing the data. However, every user can check on his/her
system if a variation of this parameter will affect the computing time on the specific
hardware.
multiplication factor for rebar diameters

1.0:

The diameter of every rebar is multiplied by this factor. In general, this factor will
be 1.0 in order to compute the domain with the reinforcement provided in
RC_GEO.CDR (derived from RC_GEO.DAT by REDIS.EXE). By means of this
factor, the entire amount of reinforcement can be increased or decreased in a very
simple way for parameter studies.
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scaling factor for increasing residual forces: 0.999:
In most cases, it is recommended to set this value equal to 0.999. This factor is the
strain rate multiplier, which was proposed in section 5.4.3. All residual forces can
be scaled by an over-relaxation factor in BEFE (section 7.4.7, Fig. 7-12), which in
general, is provided as 1.0. If divergence is indicated by an increasing sum of
residual forces within the iterative process, the applied ratio of residual forces is
continuously decreased by the scaling factor (= strain rate multiplier) until
convergence is indicated again. As soon as a stabilizing iterative process is
indicated again by decreasing residual forces, the strain rate multiplier is increased
slowly, until the scaling factor is again equal to 1.0.
Example:
In this example the over-relaxation factor is set equal to 0.900 and the scaling factor
for increasing residual forces is set equal to 0.990. Residual forces equal to 2.45 are
computed in the first iteration step. Because of the over-relaxation factor are 90%
of the residual forces re-applied within the second iteration step. A convergent
iteration process is indicated by decreasing residual forces. In the third iteration
step divergence is indicated by increasing residual forces. Thus the scaling factor
reduces for 1.000·0.990 = 0.990 and the ratio of re-applied residual forces reduces
as well. The residual forces are still increasing in the fourth iteration step and the
scaling factor is further decreased by 0.990·0.990=0.980. The re-applied residual
forces are scaled by the scaling factor times the over-relaxation factor. In the fifth
iteration step the residual forces are decreasing compared to the residual forces
obtained in during the fourth iteration step and the scaling factor is carefully
increased.
iteration
step
1
2

residual
forces
2.45
2.13

over-relaxation
factor
0.900
0.900

scaling
factor
1.000
1.000

applied ratio of res F
= over relaxation fact · scaling fact
0.900
0.900

3
4

2.33
2.34

0.900
0.900

0.990
0.980

0.891
0.882

5

2.29

0.900

0.983

0.885

Note: The over-relaxation factor should be provided as 1.0 in the standard case. Here it is 0.900 in
order to show the behavior of the algorithm at increasing residual forces.

The convergence criteria are described below. Convergence is assumed if all convergence
criteria provided below are satisfied.
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convergence of force over domain:
Convergence is assumed, if the ratio of residual forces in the domain over total
forces is smaller than the provided limit. Residual and total forces are expressed as
summations over all absolute nodal force values in each global direction.
convergence of force per element:
The same criterion as before, but on the element level.
convergence of displacement over domain:
Convergence is assumed if the incremental displacements in an iteration step over
the total displacements is lower than the specified limit. The displacements are
expressed as summation over all absolute nodal displacement values in each global
direction.
convergence of displacement over element:
The same criterion as before, but on the element level. (This criterion has not been
checked in the program yet.)
convergence scale for Supplementary Interface:
If 1.0 is provided for this convergence scale, convergence is assumed if the change
of stress in the rebar, caused by the slip effect, between two subsequent iteration
steps of the supplementary interface algorithm is less than 0.001MN/m2. In
addition, the yield stress of the steel may not exceed more than fy·1.0E-5 in order to
satisfy the convergence criterion. This seems to be very restricted; however, the
employed Newton algorithm for the supplementary interface converges fast and this
limit can be relaxed by providing a convergence scale > 1.0.
print displacements to RC_Plot1.lpt for elements:
Elements may be specified for which the performance of the displacements over the
load history is printed to Rc_Plot1.lpt. This file may be exported conveniently
to a spreadsheet utility. A maximum of 10 elements may be provided. If negative
element numbers are taken for the elements (e.g., -37), the displacements will be
printed with opposite signs.
print results for element numbers:
The user may restrict the numerical output in the list files (RC_*.LPT) to certain
element numbers. The element numbers may be provided by a list with commas
”,” as a delimiter symbol and by a hyphen ”-” as a group symbol. The element
list can be continued in subsequent lines.
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.
This dot terminates the list of the result elements. The material parameters for the
rebars and the rebar-concrete interface can be provided in the next block.
Rebar / Interface Parameters
This block starts with four comment lines, which provide a column template and a
description for the mechanical parameters of the rebar and rebar-concrete interface.
The mechanical parameters as such can be provided in the lines below.
Rebar parameters

A1,I4,1x,A15,F9.1,3F7.3

It is recommended to assign the material number 1 to the first rebar material. Rebar
material numbering and parent material numbering are independent. Hence, both
material databases can start with the number 1. The information about the rebar
material needs to be provided in the following order: unique rebar material number,
material name, Young’s modulus, characteristic yield limit, characteristic strength
and the ultimate strain.
Up to now, the characteristic strength and the ultimate strain are not required, since
these parameters do not enter the currently employed constitutive model for the
reinforcement (see section 2.4.2).
Interface parameters

A1,I4,1x,A15, F9.1,F7.3, 6F7.3, 3F7.3

The parent material numbers were assigned to the parent elements in
PREBEFE.EXE. These numbers are assumed to be 1, if no number was assigned.
The interface parameters of these parent materials with the reinforcement can be
defined here. The respective parent material number has to be provided with a
negative sign. (Hint: Read the ”-” as “with parent material number”.) Then, a
name for the parent material may be entered. Next, the interface parameters for the
interface model employed between the rebar and concrete need to be provided.
Ø Rigid bond model
This model requires no parameters since rigid bond is obtained by default
from the embedded formulation.
Ø Anchorage loss model
A cohesive strength and a friction angle need to be provided. The
cohesive strength corresponds to the bond strength tbond, and the friction
angle j accounts for increasing the bond strength caused by confining
pressure, according to section 3.1.2, Fig. 3-7.
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Ø

Supplementary interface model
The bond slip parameters according to [MC90], presented in section 3.1,
Table 3-1, of this work, need to be provided. If the rebar is subjected to
frictional slip in a duct before it is grouted, the frictional parameters need
to be provided as well. Reference is made to section 3.2.1 and section 4.4
for finding the correct values of cohesion c, the friction angle j, and
Young’s modulus E.

.
This dot terminates the block of the rebar and interface parameters. Crack
parameters can be provided in the next block.
Crack/Crushing parameters

A1,I4,A15,I9,7I7

The parameters for the [Ottosen (1977)] criterion can be computed according to
[MC90] or according to [Dahl (1992)]. Which recommendation should be
employed for the Model parameters can be defined in the rightmost column of this
block in Fig. 7-11. [MC90] computes the parameters from the compressive strength
and from the tensile strength of concrete whereas Dahl computes the Ottosen
parameters only from the compressive strength. Both, fcm and fctm need to be
provided in MESH.CDR.
For cracking, five different crack models based on the rotational crack concept are
available. The most realistic one is crack model 5. It accounts for the anisotropic
nature of cracking and for the tension softening effect. The concept of the model
and the parameters are explained in section 5.3.1.
The values given in Fig. 7-11 for
residual tension cut-off
rTCO
eyt

plastic strains without decreasing the strength,

b

amount of irrecoverable plastic strains

can be employed as a first guess as long as no better values are available.
The fracture energy GF and the fracture coefficient aF can be obtained from Eq.
5-7, Table 5-2. The equivalent crack length is explained in Fig. 5-31.
.
This dot terminates the block of the crack parameters. Creep and shrinkage
parameters can be provided in the next block.
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Time-dependent material parameters
The [fib1] model is employed for predicting creep and shrinkage. It has been
explained in detail in section 5.5. Fig. 7-11 shows the values recommended for
a, aas, ads1, ads2 according to [fib1] for slowly hardening cement, normally and
rapidly hardening cement and rapidly hardening high-strength cement. The
compressive strength fcm and the Young’s modulus Eci,28 are supposed to have the
same value as fcm and Eci,28 provided to MESH.CDR. However, in order to be able to
perform parameter studies of creep and shrinkage without modifying the strength
parameters, fcm and E can be entered here independently of the strength values
provided in MESH.CDR.
The notational member size 2Ac /u has to be provided in [m]. Ac is the area of the
cross-section and u is the perimeter of the cross-section.
The material age at initialization, ageinit, defines from which age on creep and
shrinkage should be taken into account. If the full history of shrinkage needs to be
taken into account, the time is close to zero, e.g. 1day. This needs to be done if
restraints cause stresses because of shrinkage. If shrinkage does not matter but
creep plays a significant role, ageinit can be set equal to the time when the first load
is applied. In most cases this is the time when the formwork is removed. Another
example for ageinit > 1 is when the concrete material parameters should be changed
to other ones without replacing the concrete physically. This is done in BEFE by
assigning a new material number to the elements. In such a case, shrinkage does
obviously not restart and ageinit will be the age of the old material.
.
This dot terminates the block of the creep and shrinkage parameters. The time
history of loading can be provided in the next block.
Time history of loading
The environmental conditions (humidity and temperature) which are considered for
a distinct time period Dt, for certain elements, are provided here. Different elements
may experience different environmental conditions for a load case, but the time
period Dt must be identical for all elements, which experience creep and shrinkage
for a load case.
The load case must correspond to a load case defined in BEDE.CDR. This load case
must be split into at least 2 (better more) increments in BEFE.CDR.
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.
This dot terminates the block of the time history of loading. Some advanced
features which are not necessary but may sometimes be useful, can be provided in
the next block.
Advanced Features
The first feature allows changing the trace level for a certain load case and a given
load step (increment) after a given iteration step to another trace level. These four
integer values need to be provided right of the colon. The fifth integer value
determines if the file RC.LPT should be rewound (1) after each iteration step or
not (0). If the file is not rewound it may become very big. This feature is intended
to give additional information when a suspicious process starts in the computation
from a given state of analysis on.
In the next line, the tolerance limit between BEFE and BEFE-Concrete results can
be increased. BEFE-Concrete double-checks the results wherever possible with
results computed by the standard version of BEFE. Deviations may occur for two
reasons. One is caused by a different interpretation of the input data. In such a case,
the user must stop the program and modify the input data. The other reasons are
numerical round-off problems since BEFE employs in general single precision
variables while BEFE-Concrete employs double precision variables. The internal
tolerance limits are such that the program requires hardly any user interaction to
distinguish if the differences are still within the tolerance limit or if the computation
needs to be stopped. This can be the case when features of BEFE apply in the input
data, which are not supported by BEFE-Concrete. In this line, the user can provide
a factor, which increases the tolerance limit before user interaction is required. This
is especially helpful, if user interaction is required after several hours of
computation at the same progress of analysis.
The last line allows to turn off such a comparison. The computing time is reduced
as well but only insignificantly. This feature should be employed only if there is
enough confidence that the input data are interpreted by BEFE and BEFE-Concrete
in the same way. Providing 1 turns the comparison off. Providing 0 leaves the
comparison in an active status.
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7.4.7 Starting the Nonlinear FE-Computation
In order to run the nonlinear analysis, four input files are required as illustrated in Fig.
7-3a.
Ø

MESH.CDR

(see section 7.3 and 7.4.5)

Ø

BEFE.CDR

(see this section)

Ø

RC_GEO.CDR

(see section 7.4.3 & 7.4.4)

Ø

RC_MAT.CDR

(see section 7.4.6)

The loading and computation control information is provided in BEFE.CDR. For a linear
analysis, the dialog, which creates the file BEFE.CDR, was already discussed in section
7.3.
When a nonlinear analysis should be performed, the steps are basically the same. It is
recommended to create the file BEFE.CDR with the BEFE Expert Shell (Fig. 7-1) by
clicking the “Calculate” button. The dialog shown in Fig. 7-12 will appear. The following
values need to be provided: (Values that are not discussed below are not required to be
altered.)
Ø

The load should be divided into a certain number of increments at
“Load applied in ____ Increment(s)”

Ø

the “Type of Solution” has to be changed to “Visco-Plastic”

Ø

a certain number of increments has to be applied, in general all increments are
applied (“Number of Loadsteps this run”)

Ø

A maximum “number of iteration steps” needs to be provided. The iteration
process will be stopped earlier, if convergence is obtained.

Ø

No “Convergence Limit (% of F res)” needs to be provided, since the convergence
criteria are provided in RC_MAT.CDR. However, if a limit of residual forces is
provided in this dialog additionally to those limits provided in RC_MAT.CDR,
the iteration will be stopped as soon as the first criterion indicates convergence.

Ø

The “Multiplication Fact. for Tcr” requires in general no modification by the user.
It is also called over-relaxation factor. If 0.0 is provided for the over-relaxation
factor, the default value 1.0 is assumed. This over-relaxation factor scales the
critical time step within the visco-plastic approach and consequently the amount
of residual forces, which are reapplied within an iterative step. If an overrelaxation factor lower than 1.0 (e.g. 0.80) is provided, the convergence process
will be more stable but slower. In combination with the “scaling factor
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for

increasing

residual

forces” provided in RC_MAT.CDR

(section 7.4.6), the over-relaxation factor is reduced automatically, if an unstable
iteration process is indicated.

provide the same
number in general

= nonlinear analysis

a high number allows
a better convergence

not of relevance
within BEFEConcrete

Fig. 7-12 Preparing BEFE.CDR for a nonlinear analysis

7.4.8 Run-Time Environment
If BEFE.CDR is prepared with the BEFE Expert Shell, the FE-analysis is started
automatically.
If an experienced user edits BEFE.CDR manually with a text-editor, the analysis can be
started by execution of MESH.EXE and then BEFE.EXE. The regarding button of the
BEFE-Concrete Expert Shell starts the two programs in the same way.

The routine MESH.EXE performs a check of the input data provided in MESH.CDR,
creates therefrom a binary input file for BEFE.EXE, and needs to be executed before
BEFE.EXE is started. For details, reference is made to the manuals of [BEFE (2001)].

Fig. 7-13 Main window of MESH.EXE
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The program BEFE.EXE performs the FE-analysis. Information about the progress of this
analysis is provided in two dialog windows as shown in Fig. 7-14. Only the left dialog will
be shown in such cases when the concrete module is started in addition to standard BEFE.
The right dialog is shown in any case. It informs about the project-directory and about the
progress of the computation.
In the left dialog the history of the computational progress is summarized. The left group
of the dialog-window shows the load case number, the load increment and the iteration
step counter. The middle group refers to the convergence behavior of the residual forces
related to the total domain forces in the first column. The second column shows the worst
ratio of residual forces in an element as over to the total forces in the considered element.
The third column shows the increase of displacements between two subsequent iteration
steps. The column in the right group shows the ratio of re-applied forces over to the arising
residual forces. If this value is lower than the “over-relaxation factor”, the residual forces
will oscillate. Then they are scaled by the “scaling factor for increasing residual forces”.
The radio buttons at the bottom of the dialog allow the user to abort the computation ahead
of schedule.

Fig. 7-14 Progress of BEFE-Concrete

7.5 Post-Processing within BEFE-Concrete
The results within the parent elements can be studied with the postprocessor
POSTBEFE.EXE. This program is not explained here. Reference is made to [BEFE
(2001)].
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The results computed for the rebars and some results for the parent elements can be
visualized with the post-processing routine RBOUT.EXE.
Numerical results are provided in several ASCII-files. These files are helpful for a detailed
inspection.
7.5.1 Visualization with RbOut
The program RBOUT.EXE [Zotter (2001)] illustrate results of the analysis, which are
printed to RC_*.LPT and RB_*.LPT files. It is primarily designed to illustrate results
along the rebars. In addition, RBOUT.EXE is also able to show results of the parent
elements in a simple way. Two characteristic dialog-windows of the program are shown in
Fig. 7-15a and Fig. 7-15b. The program RBOUT.EXE creates a *.wrl file. This file can
be viewed in any standard Internet browser after the [Cortona VRML] browser plug-in has
been installed. Two characteristic visualizations are shown in Fig. 7-16a and Fig. 7-16b.

Fig. 7-15 a) Dialog for rebar results

b) Dialog for parent element results

Fig. 7-16 a) Rebar results

b) Parent element results (crack planes)
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7.5.2 Output files
Output files produced by BEFE-Concrete are listed here and described in the following
subsections.
RC_CONCRETE.LPT
concrete results, see section 7.5.3
RC_CONV.LPT
convergence history, see section 7.5.4
RC_CRACK.LPT
crack development, see section 7.5.5
RC_CREEP.LPT
shrinkage strains and creep coefficients, see section 7.5.6
RC_DIALOG.LPT
log file of run time information, see section 7.5.7
RC_PLOT1.LPT
load displacement performance, see section 7.5.8
RC_PLOT2.LPT
overview of parent element results, see section 7.5.9
RC_REBAR.LPT
rebar results, see section 7.5.10
RC_SYS.LPT
global node coordinates and displacements,
integration point coordinates, see section 7.5.11
RC.LPT
This is the general trace file of BEFE-Concrete. Information about all input data is
shown again in this file. In addition, the coordinates of all rebar integration points
are shown. This is sometimes particularly helpful when a stress diagram along the
rebar axis should be presented. The size will be considerably smaller if the trace
level is set equal to 0, However, it can grow tremendously if the trace level is set
equal to 2 or larger. Then every single step of the computation is traced.
RC_SLIP.LPT
Shows the excess stresses in the rebar integration points, resulting from slip
between rebar and concrete.
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RB_CRACK.LPT
to be visualized with RbOut, - information about cracks and crack orientation
RB_PM.LPT
to be visualized with RbOut, - information about the parent material number and
the element age
7.5.3 Output file RC_concrete.lpt
This file contains information about stresses and strains in the concrete. Results about
concrete cracking can be found in RC_crack.lpt and will be discussed in section 7.5.5.
1.a Stresses in Concrete Gauss Points
Loadcase =

3

Loadstep =

9

t=tensile failure, c=crushing, b=both, n=non linear creep

Iteration =

7

SystemAGE =

V1.ce 27.3.02

on 08/04 17:15:43

program release

8293.627

execution time

volumetric strain due age of element age of element corrected
to shrinkage [‰]
[days]
for temperature effects
eps_sh = -0.418 age = 11605.4 age_mature =
t_cr
phi_cr

1.0

2.3

5.2

12.0

9156.5

27.5

sample (time) points for creep history

63.1 144.6 331.3 758.9 1738.7 3983.4 9126.0 9126.0 9126.9 9128.7 9132.1

2.774 2.573 2.210 1.894 1.621 1.385 1.182 1.007 0.857

Element Nr.
Gauss pt Nr.

0.729

0.618

0.519

0.461

corresponding creep coefficient

EL GP sig_1 sig_2 sig_3 sig_xx sig_yy sig_zz sig_xy sig_yz sig_zx
1 1 0.24 -0.05 -0.43
0.02
0.16 -0.42 -0.13 -0.02
0.08
1 2 0.37 0.01 -0.48
0.19
0.18 -0.47 -0.18 -0.04
0.09
global0.02
stresses
(along
1 3 principal
0.09 -0.11stresses
-0.61
-0.14
-0.52
-0.07x,y,z-axes)
-0.08
0.20
1 4 MN/m²
0.19 -0.13 -0.99
-0.08
-0.05 -0.80 -0.07 -0.27
0.33
MN/m²
1 5 0.17 -0.06 -0.40
0.02
0.05 -0.37 -0.12 -0.02
0.13
1 6 0.20 -0.04-40.46c
0.09
0.03 -0.42 -0.10 -0.04
0.15
c
=
crushed
point
1 7 3.04 -0.10 -3.02t -0.09 -0.02 -0.37 -0.07 -0.03
0.12
1 8 3.00 -0.10 -7.62t -0.06 -0.08 -0.52 -0.03 -0.14
0.20
t
=
cracked
point
71 1 0.06 0.03-11.54t -11.13
0.03 -0.35
0.10
0.02 -2.13
71 2 1.04 0.03-29.59b -18.89 -0.01 -0.62 -0.90 -0.17 -3.53
b
=
crushing&cracking
71 3 0.05 0.05-12.23t -11.57
0.05 -0.61
0.00
0.00 -2.76
71 4 0.05 0.03-16.44t -15.61
0.03 -0.78 -0.08 -0.01 -3.60
71 5 0.17 0.06-10.64t -10.11
0.16 -0.47
0.26
0.04 -2.31
71 6 0.15 0.03-18.80t -17.97
0.05 -0.69 -1.34 -0.25 -3.62
71 7 0.23 0.06-12.79t -12.10
0.22 -0.62
0.34
0.09 -2.87
71 8 0.10 0.03-18.03t -17.22
0.10 -0.78 -0.04 -0.01 -3.74
72 1 0.03 0.01 -8.53b -8.49 -0.03
0.03
0.57
0.02 -0.16
72 2 0.04 -0.02-14.48b -14.42 -0.04 -0.01
0.64
0.05 -0.68

0.461

eps_total(in %.)
-0.16 -0.15 -0.22 -0.02 0.00 0.02
-0.15 -0.15 -0.23 -0.03 -0.01 0.02
total strain
[‰] -0.01 -0.01 0.05
-0.17
-0.16 -0.22
-0.16
-0.16
-0.25 -0.01
-0.05 0.07
(elastic
+ plastic
+ creep&shri.)
-0.16 -0.16 -0.21 -0.02 0.00 0.03
-0.16 -0.16 -0.22 -0.02 -0.01 0.03n
-0.17 -0.16 -0.21 -0.01 -0.01 0.03
-0.17 -0.17 -0.22 0.00 -0.03 0.04
1.09 3.27 26.56 0.32 -1.29-13.57
0.66 3.51 26.19 -0.15 -0.88-13.30
2.17 3.29 25.00 0.51 -2.15-17.16
1.84 3.26 24.63 0.51 -2.08-16.74
1.18 1.61 24.40 0.14 -0.15-12.98
0.65 1.47 24.26 -0.39 0.32-12.46
2.01 1.98 25.75 0.31 -0.82-16.84
1.55 1.55 25.72 0.10 -0.51-16.31
-0.41 0.31 12.54 0.04 4.10 -0.24
-0.64 0.95 9.39 -0.32 6.60 -1.25

0.461

0.461

printed only
if creep and
shrinkage is
present

eps_creep&shrinkage(in %.)
-0.17-0.16-0.20-0.01 0.00 0.01
-0.16-0.16 -0.2 -0.0 0.0 0.01
creep and shrinkage-0.0
strains
-0.17-0.16-0.21-0.01
0.03[‰]
-0.17-0.17-0.22-0.01-0.03 0.04
-0.17-0.16-0.20-0.01 0.00 0.02
-0.16-0.16-0.20-0.01 0.00 0.02
-0.17-0.17-0.20-0.01 0.00 0.02
-0.17-0.17-0.21 0.00-0.02 0.03

n = nonlinear creep&shrinkage
blank if creep and
shrinkage is not involved

Fig. 7-17 A generic RC_concrete.lpt

7.5.4 Output file RC_conv.lpt
Detailed information about the convergence process of the domain is shown in
RC_conv.lpt for each iteration step. The sum of the absolute values of the nodal forces
is the convergence criterion. This criterion is checked on the global as well as on the
element level.
The file also shows the unbalanced forces for elements with convergence problems.
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Trace of convergence V1.ce 27.3.02

on 08/04 17:15:43

info after each iteration step
Loadcase =
Force
total
bal
ubal
corr

åF

1

Loadstep =

4

ratio of applied unbalanced forces
Iteration =

Rebar x
y
z
0.367
5.871
12.837
nodal
forces due
to rebar 12.837
0.367
5.871
contribution
in0.000
x,y,z direction
0.000
0.000
0.000
0.000
0.000
T

3 return scale=0.900

parent x
y
z
23.977
67.680 159.588
nodal
forces due
to parent158.197
element
23.751
67.361
contribution
x,y,z direction
0.226 in 0.319
1.392
0.203
0.287
1.253

total x
y
z
24.343
73.551 172.425
nodal
forces due
to rebar 171.033
+ parent
24.118
73.232
element
dir.
0.226contribution
0.319in x,y,z1.392
0.203
0.287
1.253

× 1 sum of absolute nodal forces

total forces in domain
balanced forces
unbalanced forces
forces to be re-applied in next iteration step
sum of absolute value of nodal deformations in x,y,z direction
defo
35724.84 31392.82 36249.84
ubal F Ratio
0.765% (limit=
0.010%)
defo Ratio
3.041% (limit=
0.010%)

unbal. forces over total forces of domain
deformation increase compared to deformations at last iteration step

detailed information for elements
with convergence problems
IEL Fubal(x) Fubal(y) Fubal(z)
42
0.083
0.120
0.556
43
0.002
0.003
0.008
802
0.000
0.000
0.000
898
0.000
0.000
0.000
unbalanced
nodal forces
994
0.000
0.000
(absolute 0.000
sum)
1090
0.000
0.000
0.000

%(x)
%(y)
%(z)
141.64 120.46 73.47
11.32 11.36
1.32
0.14
0.17
0.16
0.18 nodal
0.17
ratio0.14
of unbalanced
0.13
0.16
0.15
forces
over total
nodal forces
0.13
0.17
0.16

Fig. 7-18 A generic RC_conv.lpt

7.5.5 Output file RC_crack.lpt
Information about cracking of concrete is given in this file for Gauss points with at least
one crack plane. The three principal stresses are printed, followed by the limit stress for
each crack plane. Then, the current plastic strains and the maximum plastic strains that
have occurred during the entire load history are given.
Crack development V1.ce 10.4.02
program release

on 18/04 19:31:41
execution time

Loadcase = 2
Loadstep = 2
Iteration =
1
IEL GP sig_1 sig_2 sig_3 TCO_1 TCO_2 TCO_3
153 2 0.920 -0.251 -0.797
0.91 1.90 1.90
153 3 0.716 -0.186 -0.232
0.72 1.90 1.90
limiting tensile stress in
Element Nr. principal stresses
153 4 0.302 -0.544 -1.273
0.30 1.90 1.90
Gauss pt Nr. MN/m²
principal direction
153 5 0.690 -0.272 -1.264
0.69 1.90 1.79
153 6 0.816 -0.170 -0.771
0.81 1.90 1.90
153 7 1.011 0.767 -0.108
1.10 1.42 1.90
153 8 0.614 0.072 -0.894
0.69 1.90 1.90
154 1 1.671 0.071 -0.636
1.90 1.90 1.90

ep_1
ep_2
ep_3 %. epm_1 epm_2 epm_3
0.585 0.001 0.011
0.585 0.004 0.058
0.682 0.012 0.006
0.683 0.060 0.030
maximum occurred plastic
current plastic strain ‰
0.916 -0.003 0.001
0.917 0.003 0.025
strain ‰ over load history
0.698 -0.004 0.030
0.698 0.001 0.151
0.636 -0.005 -0.060
0.636 0.007 0.093
0.465 0.215 -0.012
0.496 0.338 0.045
0.633 -0.052 0.003
0.695 0.046 0.026
0.087 0.000 0.000
0.096 0.000 0.001

Fig. 7-19 A generic RC_crack.lpt
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7.5.6 Output file RC_creep.lpt
This file shows the development of the shrinkage strains and creep coefficients for the very
first element in the result element list. The same information is given in
RC_Concrete.LPT as well, but here the information is provided in such a form that it
can be exported conveniently to a spreadsheet utility for a graphical illustration.
shrinkage and creep coefficients V1.ce 17.4.02
for element Nr
1
element number
age
age_m
1.00
0.79
2.08
1.64
4.33
3.42
9.01
7.11
18.74
14.79
39.00
30.77
81.15
64.02
168.85 133.22
351.32 277.19
731.00 576.75
age
age
age_maturity

shrink
0.00
-0.01
-0.02
-0.04
-0.05
-0.08
-0.10
-0.13
-0.15
-0.19

age

phi
0.00
0.33
0.26
0.46
0.41
0.60
0.55
0.76
0.70
0.95
0.88
1.18
1.10
1.44shrinkage
1.34
strains
1.73
1.62
2.02
1.89
1.00
2.08
0.79
1.64

on 20/04 00:54:22

0.29
0.45
0.60
0.76
0.95
1.17
1.41
1.65
4.33
3.42

0.31
0.49
0.65
0.82
1.02
1.23
1.44
9.01
7.11

0.34
0.53
0.70
0.88
1.07
1.25
18.74
14.79

0.37
0.57
0.40
0.75
0.61
0.43
creep
coefficients
0.92
0.78
0.64
0.45
1.09
0.94
0.80
0.66
0.48
39.00 81.15 168.85 351.32 731.00
30.77 64.02 133.22 277.19 576.75

Fig. 7-20 A generic RC_creep.lpt

7.5.7 Output file RC_dialog.lpt
This file traces the output to the dialog window during program execution. The
convergence performance of the domain can be studied in condensed form.
Trace of output to Dialog-Window V1.cd 10.4.02

program release

LC= 1 Inc=
LC= 1 Inc=
LC=
Inc=
load2case
LC=
Inc=
load2step
LC=
2 Inc=
iteration
nr
LC= 2 Inc=
LC= 2 Inc=
LC= 2 Inc=
LC= 2 Inc=
LC= 2 Inc=
LC= 2 Inc=
LC= 2 Inc=

1
1
1
1
2
2
2
2
2
2
2
2

It=
It=
It=
It=
It=
It=
It=
It=
It=
It=
It=
It=

1
2
1
2
1
2
3
4
5
6
7
8

on 18/04 19:31:41

execution time

conv[%] FoT= 0.00 FoE= 0.00 defo=100.00 scale=1.000
conv[%] FoT= 0.00 FoE= 0.00 defo= 0.00 scale=1.000
conv[%]
FoT= 0.00
FoE=domain
0.00 related
defo=to 77.84
scale=1.000
FoT : unbalanced
forces over
total forces
over domain
conv[%]
0.00
FoE= 0.00
defo=
FoE : worstFoT=
relation
of unbalanced
element
forces0.00
to totalscale=1.000
element forces
conv[%]
FoT=
2.57 FoE=14.58
defo=
43.77
defo : increase
of displacement
within this
iteration
step scale=1.000
conv[%]
1.06
FoE= forces
7.10 defo= 3.04 scale=1.000
scale: ratioFoT=
of applied
residual
conv[%] FoT= 0.53 FoE= 3.98 defo= 1.26 scale=1.000
conv[%] FoT= 0.27 FoE= 2.25 defo= 0.59 scale=1.000
conv[%] FoT= 0.14 FoE= 1.29 defo= 0.30 scale=1.000
conv[%] FoT= 0.08 FoE= 0.74 defo= 0.16 scale=1.000
conv[%] FoT= 0.04 FoE= 0.43 defo= 0.08 scale=1.000
conv[%] FoT= 0.02 FoE= 0.23 defo= 0.04 scale=1.000

on 18/04 19:32:36
on 18/04 19:32:37
onexecution
18/04 19:33:14
time
on 18/04 19:33:15
on 18/04 19:33:16
on 18/04 19:33:16
on 18/04 19:33:17
on 18/04 19:33:18
on 18/04 19:33:19
on 18/04 19:33:19
on 18/04 19:33:20
on 18/04 19:33:20

Fig. 7-21 A generic RC_dialog.lpt

7.5.8 Output file RC_plot1.lpt
This file provides the performance of the displacements of selected elements over the
loading history in a suitable form for a convenient export to a spreadsheet utility for a
graphical illustration of the data.

Helmut Hartl

214

7 BEFE-Concrete User’s-Manual

element numbers (max 10 elements)
Displacements in the
Element-Nr:
LC LS IT [mm] dx
1 1
2
-0,02
2 1
2
-0,08
2 2
7
-0,15
2 3 12
-0,25
2 4 19
-0,39
2 5 22
-0,55
2 6 58
-0,73

load case
load step
iteration step

element center V1.cd 17.4.02
53
0
dy
dz
dx
dy
0,00 -0,09
0,00 -0,43
0,01 -0,82
0,01 -1,32
0,01 -1,94
0,02 -2,65
0,02 -3,43

on 19/04 22:33:14
dz

displacement of the
element center [mm]

Fig. 7-22 A generic RC_plot1.lpt

7.5.9 Output file RC_plot2.lpt
This file provides condensed information about all parent elements regardless of the parent
material type. It allows exporting data for a graphical representation of displacements,
stresses or strains for a load case along a certain path since the coordinates of the element
centers are also provided.
Loadcase = 2
Loadstep =
El dx[mm]
dy
dz sig_xx
1 -0,06 0,00 0,13 -0,029
2 -0,20 0,00 0,13
0,037
3 -0,34 0,00 0,13
0,005
of -0,012
4 displacement
-0,47 0,00 0,13
5 element
-0,06 0,00
0,02 -0,155
center
6 -0,20 0,00 0,02
0,111
7 -0,34 0,01 0,02
0,001
8 -0,47nr0,02 0,01 -0,071
element
9 -0,06 0,01 0,05 -0,042
10 -0,20 0,00 0,06
0,121

3
Iteration = 10
sig_yy sig_zz sig_xy sig_yz sig_zx
0,020 -0,093 0,016 -0,004 -0,062
0,007 -0,171 0,006 0,000 -0,003
-0,001 -0,097 0,000 -0,001 0,040
stresses-0,016
in the -0,001
element 0,000
center 0,016
-0,001
-0,048 -1,085 0,045 0,021 -0,407
-0,005 -0,505 0,005 0,002 0,149
0,001 -0,189 0,000 -0,001 0,165
0,000 -0,035 -0,002 0,001 0,073
-0,031 -0,945 -0,020 0,017 0,614
-0,005 -0,488 0,000 0,002 0,383

eps_xx eps_yy eps_zz eps_xy eps_yz eps_zx
-0,001 0,002 -0,004 0,002 0,000 -0,007
0,003 0,002 -0,008 0,001 0,000 0,000
0,001 0,001 -0,005 0,000 0,000 0,004
in the element
center 0,002
0,000 strains
0,000 -0,001
0,000 0,000
0,003 0,009 -0,049 0,005 0,002 -0,046
0,010 0,003 -0,025 0,001 0,000 0,017
0,002 0,002 -0,009 0,000 0,000 0,019
-0,003 0,001 -0,001 0,000 0,000 0,008
0,007 0,008 -0,044 -0,002 0,002 0,069
0,010 0,003 -0,024 0,000 0,000 0,043

x[m]
y
z
4,037 0,076 0,069
4,037 0,076 0,207
4,037 0,076 0,345
coordinates
of
4,037
0,076 0,483
3,922
0,076
0,069
element
center
3,922 0,076 0,207
3,922 0,076 0,345
3,922 0,076 0,483
3,843 0,076 0,069
3,843 0,076 0,207

Fig. 7-23 A generic RC_plot2.lpt

7.5.10 Output file RC_rebar.lpt
Results computed for the rebars (stresses, strains, slip, forces, and interface stresses) are
provided in this file. We need to distinguish between a physical rebar and the portion of the
rebar within one finite element. Let us define this portion of a physical rebar, which goes
from element face to element face, simply as “Rebar”. And the entire rebar from physical
end to physical end of the rebar in the structure is defined as “Segment” as shown below in
Fig. 7-24.

RbNr 4
RbNr 3
RbNr 2
RbNr 1

RbNr 5
SegmentNr 1

Fig. 7-24 Definition of rebar and segment
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1.a Stresses in Rebar Gauss Points V1.ce 27.3.02

on 08/04 17:15:43

program release

execution time

for rebars with rigid bond & anchorage loss model for bond
Loadcase = 1
RbNr SEG EL GP
1
1 59 2
1
1 59 1
Rebar
number
2
1 55 2
Rebar
2 segment
1 55 1
Parent
3 element
1 51 nr
2
3 point
1 51 1
Gauss
4
1 97 2
4
1 97 1
5
1 93 2
5
1 93 1

Loadstep = 1
Iteration =
4
on 08/04 17:15:45
sigma eps%.
DN Force Fb_ad|i sig 1,2,3,12,23,31/Interface Rb w parent element
2.45 0.01 .030 0.002 0.000 L
0.30
0.20 -0.02
0.13
0.01 -0.01 (1)main
L = interface
stress with parent
material
is linearly
5.52
0.03
0.004 0.000 L
0.63
0.40 -0.21
0.61
0.02 -0.35 (1)main
Rebar
stress.030 MN/m²
= 0) 1.36
34.41 0.17 .030 0.024 0.000 L
3.88computed
1.57 (rcis
-0.56
0.13
0.13 (1)main
Rebar
strain.030 ‰
46.81
0.23
0.033 0.000 L
4.56
1.88 -4.11
1.78
0.47 -0.97 (1)main
C
=
interface
stress
with
parent
material
employs
Rebar
diameter
98.38
0.49
.030 m0.070 0.000 C 12.38
5.95
3.39
3.97
2.20 10.95 (1)main
(rcis =6.10
1)
Rebar
force.030MN
139.82
0.70
0.099 0.000 C 23.84concrete
14.85constitutive
29.63 law
5.26
18.45 (1)main
161.33
0.81 .030
0.114
6.59
8.96 28.12 (1)main
admissible
force due
to 0.000 L 32.10 21.75 52.50
194.14 0.97 .030 0.137 0.000 L 42.97 30.56 80.51
8.31 12.28 34.94 (1)main
anchorage loss model MN
195.82 0.98 .030 0.138 0.000 L 45.74 33.06 90.99
6.39
9.98 36.32 (1)main
233.05 1.17 .030 0.165 0.000 L 51.35 34.46 97.73
3.57
1.63 40.66 (1)main

rebar name

for rebars with supplementary interface model for bond
RbNr SEG EL GP
sigma eps%.
DN
Fo slip_mm tau_j|i sig 1,2,3,12,23,31/Interf Rb w parent element
11
2 47 2 168.91 0.84 .005 0.003 1.43 4.051 L -0.12 -0.03 -0.24 -0.03 0.00 -0.31 (2)5mm wire
11
2 47 1 617.08 0.21 .005 0.012 0.59 4.348 L -0.37 0.02 0.06 -0.03 0.00 -0.31 (2)5mm wire
slip mm
MN/m²
12
2 45 2 961.81 4.81 .005
0.019 0.17 interface
2.621 Lstress
-0.66
-0.01 0.07 -0.03 0.00 -0.25 (2)5mm wire
12
2 45 1 1181.49 5.91 .005
0.023
1.184 Lrebar
-0.71
(between
rebar0.02
and (between
and 0.00 0.05 -0.01 0.00 -0.11 (2)5mm wire
13
2 44 2 1253.33 6.27 .005
0.618element)
L -0.68 0.00 0.03 0.00 0.00 0.04 (2)5mm wire
parent0.025
element)0.00 parent
13
2 44 1 1273.86 6.37 .005 0.025 0.00 -0.262 L -0.65 0.00 0.01 0.00 0.00 0.01 (2)5mm wire
14
2 41 2 1268.00 6.34 .005 0.025 0.00 0.219 L -0.62 0.00 0.01 0.00 0.00 0.00 (2)5mm wire
14
2 41 1 1272.43 6.36 .005 0.025 0.00 -0.142 L -0.63 0.00 0.00 0.00 0.00 0.00 (2)5mm wire
15
2 39 2 1269.60 6.35 .005 0.025 0.00 0.108 L -0.62 0.00 0.00 0.00 0.00 0.00 (2)5mm wire

Fig. 7-25 A generic RC_rebar.lpt

7.5.11 Output file RC_sys.lpt
The global coordinates of the node points and their displacement are provided in this file.
In addition, the global coordinates of the Gauss points are given.
Element Coord & Displacements V1.ce 17.4.02

on 19/04 22:33:14

Loadcase =

1

program release

1

Loadstep =

1

Iteration =

execution time

= for coordinates and directions of rebar-geometry reference is made to file RC.LPT =
El nod
x[m]
y
z
dx[mm]
dy
dz
1 1
4.116
0.000
0.000
0.000
0.000
0.015
1 2
4.116
0.153
0.000
0.000
0.000
0.015
1 3
4.116
0.153
0.138
-0.010
0.000
0.015
.
.
1 11
4.116
0.076
0.138
-0.010
0.000
0.015
1 12
4.116
0.000
0.069
-0.005
0.000
0.015
1 13
4.037
0.000 of0.000
0.000
0.000
0.009
global displacements
of
global coordinates
the
1 14
4.037
0.153
0.000
0.000
0.000
0.009
the
node
points
[mm]
element node points [m]
1 15
4.037
0.153
0.138
-0.010
0.000
0.009
1 16
4.037
0.000
0.138
-0.010
0.000
0.009
1 17
3.958
0.076
0.000
0.000
0.000
0.004
1 18
3.958
0.153
0.069
-0.005
0.000
0.004
1 19
3.958
0.076
0.138
-0.010
0.000
0.003
1 20
3.958
0.000
0.069
-0.005
0.000
0.004
El GP
x[m]
y
z
1 1
4.083
0.120
0.109
1 2
4.083
0.032
0.109
1 3
4.083
0.120
0.029
1 4
4.083
0.032
0.029
global coordinates
of
the
1 5
3.991
0.120
Gauss points
[m] 0.109
1 6
3.991
0.032
0.109
1 7
3.991
0.120
0.029
1 8
3.991
0.032
0.029

Fig. 7-26 A generic RC_sys.lpt
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Conclusion &
Outlook

8.1 Conclusion
The scope of this work was to develop a finite element tool, which allows engineers to
perform a comprehensive nonlinear analysis of a reinforced or prestressed concrete
structure.
A continuum mechanics approach was favored since the entire load bearing mechanism
should be computed by the program. In contrast, for strut and tie approaches the loadbearing mechanism needs to be assumed by the engineer. Only the performance of the
selected strut and tie model can be investigated, but the validity of the load-bearing
mechanism cannot be verified. This is one limitation of strut and tie models. Another
limitation is that such models satisfy equilibrium for the selected model but not
compatibility.
Preparing the input data for a reinforced concrete structure is laborious but acceptable. The
parent concrete domain can be prepared with a graphical preprocessor without considering
the reinforcement. The reinforcement layout can be prepared independently of the parent
mesh nodes. A computer routine discretizes the reinforcement to the parent mesh without
any restriction regarding the reinforcement or the mesh.
The reinforcement is formulated in a consistent manner. The material model chosen for
steel is linearly elastic - ideally plastic. This constitutive model is simple but robust and
appropriate for many standard situations of reinforcing steel. Slip can be accounted for on
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the right-hand-side, but in a mechanical consistent way. Two interface models are
implemented, the classical Mohr-Coulomb model and the bond slip model of [MC90].
The purpose of the literature review of concrete models was to choose models such that the
parameters have a physical meaning and/or are easy to obtain. Further, the models should
be based on a solid theoretical framework and they should have the potential to account for
a general loading path. The conclusion of the literature review was that the scatter of
concrete behavior under arbitrary loading conditions is considerable, even if detailed
information about the concrete mixture, curing conditions and load & environmental
history is known. However, under service load conditions, the time-independent behavior
of concrete is almost linear and the ultimate limit can be described well by failure
envelopes, if the load is increased monotonically up to failure. Hence, it is useless to
employ an involved model in situations where only little information is available about the
concrete - the results will not become better. Consequently, isotropic elasticity is used
within the failure envelope. Crushing failure is modeled by the [Ottosen (1977)] surface,
since the model parameters can be obtained from the strength parameters. Cracking is
implemented as well in a simple but robust fashion employing a rotational crack model.
Tensile softening is incorporated along the [MC90] recommendations for cohesive crack
models.
Case studies have shown that careful superposition of nonlinear effects gives results which
agree well with data that are available for comparison. Once a comprehensive numerical
model of the investigated problems was prepared, the results did not differ significantly if
parameters were varied. Some local effects became insignificant when the performance of
the entire domain is considered. From the results obtained so far the software can be
considered to be reliable.
The provided user’s manual turned out to serve as a reasonable basis for getting familiar
with the software.

8.2 Outlook
An interface element, which can be intersected by the reinforcement, is yet not available in
the program. Such an element needs to be developed because an interface element where
the rebar is restricted to rigid bond is of limited relevance. An arbitrary stress-elongation
relation for the intersecting steel reinforcement is required. The relevance of such an
interface element is great, since interface situations arise at every enhancement or retrofit
of a concrete structure. Such problems offer a wide field of applications of the program.
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The constitutive law for concrete behavior is rather simple. Implementing an advanced
model for the sake of the availability of such a law can be questioned. However, if a
special application requires a more sophisticated model it will be necessary to assign
importance to the issue of an advanced constitutive model for concrete.
Recently, a reinforced concrete beam which has failed in shear was reanalysed. The
development of stresses in the stirrups could be followed reasonably well. After the yield
limit of the stirrups was reached, residual forces arose in the vertical direction, which could
not be redistributed again. However the deformations and the displacements did not
increase in that extent that failure is well indicated. A FE-program, which employs a
Newton approach where the tangent stiffness matrix is updated, will indicate failure right
in the ascending regime in such a case. Since BEFE-Concrete employs an initial stiffness
approach, the analysis does not stop. Convergence problems are indicated by nondecreasing residual forces. Because of the relatively great shear stiffness, these residual
forces are not accompanied by a significant increase of displacements. Care and experience
is needed in order to identify the failure load. A deeper investigation of this issue is very
important. As a first step it should be tested if another integration order modeling the bond
slip can improve the prediction.
The initial stiffness approach is robust but limited for several reasons. The rate of
convergence is very slow and in some situations, e.g., in this one described in the previous
paragraph, failure is difficult to identify. Because of the iterative update of material strains
the results are not objective. So far it was important to account for the most relevant
phenomena of reinforced concrete but it is an important next step to implement an
approach, which computes the stiffness terms with the tangent material stiffness and which
updates the strains incrementally.
The program was initially designed for structures where the effect of the 3D stress state
plays an important role. In general, such structures are compact and the effect of
geometrical non-linearity plays a minor role. However, some applications until now have
shown that the program is even appealing for slender structures where both, the physical
and the geometrical non-linearity have an effect on the results. Hence, an extension to
geometrically nonlinear problems needs to be considered as well.
During the hydration process a complex interaction of temperature, shrinkage and
developing strength takes place. The hardened concrete is subjected to different loads and
other influences: static loads, earthquake loads and other dynamic loads, diffusion of
moisture, diffusion of harmful substances, heat conduction (including fire load).
Obviously, there exists an interaction of these different influences. A numerical tool, which
is able to simulate these influences and the respective interactions, would provide valuable
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information about the reliability of existing structures. It would support the engineer who
has to judge the integrity of the structure. Such a tool should not only be available for
scientists. Considering our cultural heritage, it would be reasonable to develop such an
advanced tool based on the capabilities of modern software technology for engineers in
practice.

Helmut Hartl

220

9 Appendix

Appendix

9.1 Stresses and Strains

Fig. 9-1 Positive stress directions in a right handed coordinate system

The sign rule of continuum mechanics is used throughout the entire thesis and in the
developed computer program. Positive are: tensile stresses, tensile strains and increase of
volume. A right-hand coordinate system is employed.
Matrix notation is employed throughout the entire thesis. Since the work presented in this
thesis is restricted to geometric linear problems the stress tensor and the strain tensor are
written in a notation as originally proposed by [Timoshenko/Goodier (1970)].
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ìs xx ü
ïs ï
ï yy ï
ïïs zz ïï
σ=í ý
ïs xy ï
ïs ï
ï yz ï
ïîs xz ïþ

and

ì ¶u x ü
ï
ï
¶x
ï
ï
ï ¶u y ï
ìe xx ü ìe xx ü ï
ï
¶y
ïe ï ïe
ï ï
ï
ï yy ï ï yy ï ï ¶u z
ï
ïïe zz ïï ïïe zz ïï ïï
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ε=í ý=í
ý í
¶u ý
ïg xy ï ï2 × e xy ï ï ¶u x + y ï
ïg ï ï2 × e ï ï ¶y
¶x ï
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ï yz ï ï
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ïîg xz ïþ ïî2 × e xz ïþ ï ¶u y + ¶u z ï
ï ¶z
¶y ï
ï
ï
ï ¶u x + ¶u z ï
ïî ¶z
¶x ïþ

Eq. 9-1

9.2 Units
The basic equations and the computer implementation are developed in a dimensionally
consistent way. However, one is advised to make use of the following SI-units.
Ø length
[m]
Ø force
[MN]
Ø time
[day]
Ø temperature [°C]
All other units are derived from these units, like
Ø stress:
[MN/m2], (1.0 [MN/m2] = 1.0 [MPa])
If other units are employed, the user has to be careful when units need to be provided for
the input, which are composed from these basic units. Another drawback by employing
other units may appear in the sequential output-file (RC_*.LPT). The numerical data are
formatted appropriately for the above-recommended SI-units. If other units are employed,
digits may be lost or the numbers are too big and stars (***) may appear instead in these
files.

9.3 Symbols
9.3.1 Latin Letters
A

creep compliance matrix

A,B,K1,K2

model parameters of the [Ottosen (1977)] model
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Ac

cross-section area of a concrete member

Ar

cross-section area of a rebar/tendon

As,cal calculated area of reinforcement required by design
As,ef

area of reinforcement provided

B ep

strain-displacement matrix for a parent (concrete) element

Ber , g

strain-displacement matrix for a rebar in global coordinates

B er ,l

strain-displacement matrix for a rebar in intrinsic coordinates

B ej

strain-displacement matrix for a rebar-concrete interface (joint) element

b

body forces acting on a parent (concrete) element

Cp

compliance matrix for continuum (parent element)

c

cohesive strength of an interface

Dp

elasticity matrix for continuum (parent element)

Dr

elasticity matrix for reinforcement (uni-axial tension/compression only continuum)

E

Young’s modulus

F

force

F

force vector

Fre,l

force vector for a rebar in intrinsic axis

f, F

yield function

fck

characteristic cylinder compressive strength of concrete

fcm

mean value of compressive strength fc at an age of 28 days

f2cm

biaxial compressive strength

fctm

mean axial tensile strength

fcmo

10 [MN/m2]

fb

bond strength at the rebar-concrete interface

fbd

design value of bond stress

fs

strength of reinforcement
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fy

value of yield stress of reinforcement

fyd

design value of tension yield stress of reinforcement

GF

fracture energy [Nm/m²]

GFo

base value of fracture energy [Nm/m²]

h

= 2 Ac/u notional size of member [mm], where Ac is the cross-section [mm2] and u
is the perimeter of the member in contact with atmosphere [mm]

ho

100 [mm]

I1,I2,I3 invariants of stress tensor
J2,J3 invariants of deviator stress tensor

Jp

Jacobian matrix for the parent element

Jp

Jacobian determinant for the parent element

Jr

Jacobian determinant for the rebar

Ke

stiffness matrix

k

rebar-concrete interface stiffness modulus

lb

basic anchorage length

lb,net

design anchorage length

lr

length of rebar/tendon

N

shape function (influence of a quantity at a node to the quantity at any given point)

N ep

shape function matrix for a parent element

N er , g

shape function matrix for a rebar element in the global coordinate system

N er ,l

shape function matrix for a rebar element in the intrinsic coordinate system

N ej

shape function matrix for a rebar-concrete interface (joint) element in the intrinsic
coordinate system

p

traction forces acting on a rebar / tendon

Q

plastic potential

R ep

residual nodal forces of a parent element

RH

ambient relative humidity [%]
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RHo

100 %

rTCO residual tension cut-off factor
S

surface of the rebar-concrete interface

s1,s2,s3 model parameters of the general bond-slip relation acc. to [MC90]
TCO tension cut-off factor

T(Dti) temperature during the time interval (Dti)
To

1 °C

T

stress tensor
or: matrix containing the directional cosines

Te,gl

transformation matrix for the strains from the global to a local configuration, see sect. 9.5

Te,lg

transformation matrix for the strains from a local to the global configuration, see sect. 9.5

Ts,gl transformation matrix for the stresses from the global to a local configuration, see sect. 9.5
Ts,lg transformation matrix for the stresses from a local to the global configuration, see sect. 9.5
Tm

mean stress tensor

Td

deviator stress tensor

t

traction forces acting on a parent element face

t

concrete age in days
or: time

to

age of concrete at loading

to,T

age of concrete at loading adjusted according to the concrete temperature,
at T = 20°C, (to,T) corresponds to (to)

t1

1 day

ts

concrete age, in days, at the onset of drying
concrete age, in days, at the beginning of shrinkage

tT

effective concrete age

u

displacement of a point

u ep

vector of nodal displacements of a parent element

u ep + r

vector of nodal displacements of a parent element allowing slip
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u er ,l

vector of nodal displacements of a rebar element in intrinsic coordinates

u er , g

vector of nodal displacements of a rebar element in global coordinates

u ej

vector of nodal displacements of a rebar-concrete interface (joint) element

u eslip

vector of nodal slip displacements of a rebar-concrete interface (joint) element

W

weight associated to an integration point

Wint

virtual work

w

crack opening (mm)

w1

crack opening for (mm) sct = 0.15·fctm

wc

crack opening for (mm) sct = 0.0

V

volume

x

coordinates of a point

xep

coordinates of the parent element

xer

coordinates of the rebar element

9.3.2 Greek Letters
a

coefficient, reduction factor

a1,2,3 coefficients depending on the mean compressive strength
aas

coefficient depending on the type of cement

ads1

coefficient depending on the type of cement

ads2

coefficient depending on the type of cement

aF

coefficient for tensile fracture of concrete

b

crack closing ratio

bas

function describing the time-development of autogenous shrinkage

bc

coefficient describing the development of creep with time after loading

bds

function describing the time development of drying shrinkage

bRH

coefficient taking into account the effect of relative humidity on drying shrinkage
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bs1

coefficient taking into account self-desiccation in high-performance concrete

ε

strain (pseudo) vector, see section 9.1

eel

elastic strain

ecs

total-shrinkage strain

ecas

autogenous-shrinkage strain

ecds

drying-shrinkage strain

ecaso

notional autogenous shrinkage coefficient

ecdso

notional drying shrinkage coefficient

epl

plastic strain

eps

strain in rebar in consequence of prestress

eyt

admissible tensile yield strain before initiation of cracking

Dl

plastic strain rate multiplier

g

safety factor

h

viscosity parameter

j

friction angle

j(t,to) creep coefficient at time (t) of concrete loaded at an age (to)
jo

notional creep coefficient

n

Poisson’s ratio

ncr

Poisson’s ratio for creep

σ

stress (pseudo) vector, see section 9.1

soct

octahedral normal stress

sps

stress in rebar in consequence of prestress

σr,g

stress vector of a rebar with respect to global axes

σ r ,l

stress vector of a rebar with respect to local axes

sr

rebar stress (as scalar)

tb

local bond stress
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tmax

maximum value of bond stress

tf

residual value of bond stress

q

angle of similarity (Lode angle)

ξ

intrinsic coordinates of a point

9.3.3 Subscripts
b

bond

c

concrete

g

global

j

joint

l

local

p

parent element

ps

prestress

r

rebar

9.3.4 Superscripts
e

element

9.4 Representation of Matrices and Vectors
Many of the matrices and vectors shown below are well known and can be found in
numerous textbooks, like [Mang/Hofstetter (2000), Beer/Watson (1992), Chen/Saleeb
(1994), Boresi et al. (1993), Pande et al. (1990), Hughes (2000)].
A

compliance matrix for creep in the 3D continuum
(for plane strain / stress accordingly, for details see Eq. 9-9 / Eq. 9-10)

é 1
ê -n
ê cr
ê -n cr
A = 1ê
ê 0
ê 0
ê
êë 0
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-n cr
1
-n cr
0
0
0

-n cr
-n cr
1
0
0
0

0
0
0
ù
ú
0
0
0
ú
ú
0
0
0
ú
2 (1 + n cr )
0
0
ú
ú
0
2 (1 + n cr )
0
ú
0
0
2 (1 + n cr ) úû
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B ep

strain-displacement matrix for a parent element, nlinear = 8, nparabolic = 20/27
é ¶N1
ê ¶x
ê
ê 0
ê
ê
ê 0
e
B p = ê ¶N
ê 1
ê ¶y
ê
ê 0
ê
ê ¶N1
ëê ¶z

Ber , g

0

0

¶N1
¶y

¶N 2
¶x

0
¶N1
¶z

0
¶N1
¶x
¶N1
¶z

0
¶N1
¶y
¶N1
¶x

0

0

0

K

0

¶N 2
¶y

¶N n
¶x

0

K

0

0

0

K

0

0

¶N 2
¶y

¶N 2
¶x
¶N 2
¶z

¶N 2
¶z

¶N n
¶y

0

K

¶N n
¶y

K

0

K

¶N n
¶z

¶N n
¶x
¶N n
¶z

0
¶N 2
¶z

0

¶N 2
¶y
¶N 2
¶x

0

0

ù
0 ú
ú
0 ú
ú
¶N n ú
¶z ú
ú
0 ú
ú
¶N n ú
ú
¶y ú
¶N n ú
¶x ûú

Eq. 9-3

strain-displacement matrix for a 3D rebar element in global coordinates,
nlinear = 2, nparabolic = 3
é ¶N
B er , g = ê r1
ë ¶x

B er ,l

¶N r1
¶y

¶N r1
¶z

¶N rn
¶x

L

¶N rn
¶y

¶N rn ù
¶z úû

Eq. 9-4

strain-displacement matrix for a 1D rebar element in intrinsic coordinates,
nlinear = 2, nparabolic = 3

éd N
B er ,l = ê 1
ë ds
B ej

é d N1
d Nn ù
K
ê
dx úû
d N n ù ë dx
K
=
det J
d s úû

strain-displacement matrix for a rebar-concrete interface (joint) element,
nlinear = 2, nparabolic = 3
B ej = [N1 - N1 K K N n

b

Eq. 9-5

- Nn ]

Eq. 9-6

body forces acting on a parent element

[

bT = bx
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Cp

compliance matrix for the continuum
- for a 3D state of stress
-n
1
-n
0
0
0

é1
ê -n
ê
1 ê -n
Cp = ê
Eê0
ê0
ê
êë 0

-n
-n
1
0
0
0

0
0
0 ù
0
0
0 úú
0
0
0 ú
ú
2 (1 + n )
0
0 ú
0
2 (1 + n )
0 ú
ú
0
0
2 (1 + n )úû

Eq. 9-8

- for a 2D plane strain situation
é(1 - n )

Cp =

(1 + n ) ê
E

ê -n
ê 0
ë

-n

(1 -n )
0

0ù
ú
0ú
2 úû

ez = 0

Eq. 9-9

- for a 2D plane stress situation
é1
1ê
C p = ê -n
E
ê0
ë

Dp

-n
1
0

ù
ú
0 ú
2 (1 + n ) úû
0

ez =

-n
(s x + s y )
E

Eq. 9-10

elasticity matrix for continuum
- for a 3D state of stress
é(1 -n )
ê
ê n
ê n
ê
ê 0
E
Dp =
(1 + n ) × (1 - 2n ) êê
ê 0
ê
ê
ê 0
êë
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(1 -n )
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n
n
(1 -n )

0

0

0

0

0

1 - 2n
2

0

0

0

0
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0
0
0
1 - 2n
2

0
0
0
0

ù
ú
ú
ú
ú
0 ú
ú
ú
0 ú
ú
1 - 2n ú
ú
2 úû
0
0
0

Eq. 9-11
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- for a 2D plane strain situation
é
ê(1 - n )
ê
E
Dp =
n
(1 + n ) × (1 - 2n ) êê
ê 0
ë

n

ù
ú
ú
0 ú
1 - 2n ú
ú
2 û
0

(1 -n )
0

s z = n × (s x + s y )

Eq. 9-12

sz = 0

Eq. 9-13

- for a 2D plane stress situation

Dp =

Dr

E
1 -n 2

(

)

é
ù
ê1 n
0 ú
ê
ú
0 ú
ên 1
ê
1 -n ú
ê0 0
ú
2 û
ë

elasticity matrix for reinforcement (uni-axial tension/compression material)
é E 0 L 0ù
ê0 0
ú
ê
ú
Dr =
êM
O ú
ê
ú
0û
ë0

F

force vector

[

FT = Fx
Fre,l

Eq. 9-14

Fy

Fz

]

Eq. 9-15

force vector for a rebar referred to a local coordinate system along the rebar axis,
nlinear = 2, nparabolic = 3
FreT,l = [ F1 K Fn ]

Jp

Eq. 9-16

Jacobian matrix for the 3D parent element
é ¶x
ê ¶x
ê
ê ¶x
J=ê
ê ¶h
ê ¶x
ê
êë ¶z
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¶y
¶x
¶y
¶h
¶y
¶z

¶z ù
¶x úú
¶z ú
ú
¶h ú
¶z ú
ú
¶z úû

Eq. 9-17
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N ep

shape function matrix for a parent element, nlinear = 8, nparabolic = 20/27

é N1 K N n 0 K 0 0 K 0 ù
N = êê 0 K 0 N1 K N n 0 K 0 úú
êë 0 K 0 0 K 0 N1 K N n úû
e
p

N er , g

shape function matrix for a rebar element referred to global axes, nlinear = 2, nparabolic = 3
N

N er ,l

Eq. 9-18

e
r,g

é N1 K N n
= êê 0 K 0
êë 0 K 0

K

0

0

0

N1 K N n
0 K 0

0
N1

K

0ù
K 0 úú
K N n úû

Eq. 9-19

shape function matrix for a rebar element referred to a local coordinate system
along the rebar axis, nlinear = 2, nparabolic = 3
N er ,l = [ N1 K N n ]

N ej

shape function matrix for a rebar-concrete interface (joint) element
N ej = [N1

p

- N1

- Nn ]

Eq. 9-21

Eq. 9-22

R1, y

R1, z

R2, x

R2, z K Rn, x

R2, y

Rn , y

Rn, z ùû

Eq. 9-23

traction forces acting on a parent element face

[

ty

tz

]

Eq. 9-24

displacement of a given point

[

uT = u x
u ep

Nn

residual nodal forces acting on a parent element

tT = t x
u

K

pn ]

pm

R eTp = éë R1, x

t

K

traction forces acting on a rebar / tendon referred to a local coordinate system along
the rebar axis (l, m, n)
pT = [ pl

R ep

Eq. 9-20

uy

uz

]

Eq. 9-25

vector of nodal displacements of a parent element, nlinear = 8, nparabolic = 20/27
u eT
p = é
ëu1, x K un , x
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u ep + r

vector of nodal displacements of a parent element allowing slip,
parent element: np,linear = 8, np,parabolic = 20/27, rebar: nr,linear = 2, nr,parabolic = 3
é
K unp , x u1, y K unp , y u1, z K unp , z u1,slip K unr , slip ùû
u eT
p + r = ëu1, x

u er , g

Eq. 9-27

vector of nodal displacements of a rebar element in global coordinates,
nlinear = 2, nparabolic = 3
ureT, g = éëu1, x K un, x

u er ,l

u1, z K un, z ùû

u1, y K un , y

Eq. 9-28

vector of nodal displacements of a rebar element referred to a local coordinate
system along the rebar axis, nlinear = 2, nparabolic = 3
é
u eT
K un ,l ùû
r ,l = ë u1,l

u ej

Eq. 9-29

vector of nodal displacements of a rebar-concrete interface (joint) element,
nlinear = 2, nparabolic = 3
u eTj = éëu1,r ,l

u eslip

un , p ,l ùû

u2, p ,l K K un,r ,l

Eq. 9-30

vector of nodal slip displacements of a rebar-concrete interface (joint) element,
nlinear = 2, nparabolic = 3
u eT
slip = é
ëu1, slip K un , slip ùû

x

coordinates of a point
xT = [ x

xep

eT
p

Eq. 9-32

é x1 K xn
= êê 0 K 0
êë 0 K 0

0

K

0

y1 K yn
0 K 0

0 K

0ù
0 K 0 úú
z1 K zn úû

Eq. 9-33

coordinates of the rebar element, nlinear = 2, nparabolic = 3
u eT
r = [ x1

ξ

z]

y

coordinates of the parent element, nlinear = 8, nparabolic = 20/27
x

xer

Eq. 9-31

y1

z1 K K K xn

yn

zn ]

Eq. 9-34

intrinsic coordinates of a point
ξT = [x h z ]
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9.5 Transformation of Stresses and Strains to a New
System of Cartesian Coordinates
Rebar stresses and rebar strains are of interest along the rebar axis only. For crack planes,
stresses and strains need to be computed in the direction normal and parallel to the crack
plane. A lucid derivation for rotating stresses and strains can be found in [Boresi et al.
(1993)], equations in matrix form are given in [Pande et al. (1990)].
Let us consider x, y, z and x, h, z as two right-hand Cartesian coordinate systems with the
same origin. Denoting the directional cosines such that l1 = cosq xx , l2 = cosq xh , …,
n2 = cosq zh , n3 = cosq zz , we can write the transformation matrix as

x

y

z

x

l1

m1

n1

h

l2

m2

n2

z

l3

m3

n3

,

é l1
T = êêl2
êël3

m1
m2
m3

n1 ù
n2 úú
n3 úû

Eq. 9-36

The transformation matrix T is orthonormal:
li2 + mi2 + ni2 = 1 , i = 1,2,3

and

l1l2 + m1m2 + n1n2 = 0 ,…,…

l12 + l22 + l32 = 1 ,…,…

and

l1m1 + l2 m2 + l3m3 = 0 ,…,…

Eq. 9-37

Therefore,
T -1 = TT

Eq. 9-38

The local coordinates x, h, z of a point P, defined in the global system x, y, z, can be
computed by
xl = T × x g

ìx ü é l1
ï ï ê
íh ý = êl2
ïz ï êl
î þ ë3

m1
m2
m3

n1 ù ì x ü
ï ï
n2 úú × í y ý
n3 úû ïî z ïþ

Eq. 9-39

Considering Eq. 9-38, the global coordinates of a point, which is known in the local
coordinate system, can be computed by
x g = TT × x l
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The components of a stress state σ defined in a x, y, z system can be computed in a x, h, z
system by
σxhz = Ts , gl × σ xyz
ìs xx ü é l12
ïs ï ê 2
ï hh ï ê l2
ïïs zz ïï ê l32
í ý=ê
ïs xh ï êl1l2
ïs hz ï êl2l3
ï ï ê
ïîs zx ïþ êë l3l1

m12

n12

2l1m1

2m1n1

m22

n22

2l2 m2

2m2 n2

2
3

2
3

m

n

2l3m3

2m3n3

m1m2

n1n2

l1m2 + l2 m1

m1n2 + m2 n1

m2 m3

n2 n3 l2 m3 + l3m2

m2 n3 + m3n2

m3m1

n3n1

l3m1 + l1m3

m3n1 + m1n3

ù ìs xx ü
ú ï ï
2n2l2 ú ïs yy ï
2n3l3 ú ïïs zz ïï Eq. 9-41
ú×í ý
l1n2 + l2 n1 ú ïs xy ï
l2 n3 + l3n2 ú ïs yz ï
ú ï ï
l3n1 + l1n3 úû îïs zx þï
2n1l1

Similarly, the components of a strain state ε defined in a x, y, z system can be computed in
a x, h, z system by
εxhz = Te , gl × ε xyz
ì exx ü é l12
ïe ï ê 2
ï hh ï ê l2
ïïezz ïï ê l32
í ý=ê
ïg xh ï ê 2l1l2
ïg hz ï ê 2l2l3
ï ï ê
îïg zx þï ëê 2l3l1

m12
m22
m32
2m1m2

n12
n22
n32
2n1n2

l1m1
l2 m2
l3 m3
l1m2 + l2 m1

m1n1
m2 n2
m3 n3
m1n2 + m2 n1

2m2 m3
2m3 m1

2n2 n3 l2 m3 + l3 m2
2n3n1 l3 m1 + l1m3

m2 n3 + m3 n2
m3 n1 + m1n3

n1l1 ù ìe xx ü
ú ï ï
n2l2 ú ïe yy ï
n3l3 ú ïï e zz ïï Eq. 9-42
ú×í ý
l1n2 + l2 n1 ú ïg xy ï
l2 n3 + l3 n2 ú ïg yz ï
ú ï ï
l3n1 + l1n3 ûú ïîg zx ïþ

Considering Eq. 9-38, the inverse relation of Eq. 9-41 and Eq. 9-42 is straightforward. First
the transformation matrix T has to be transposed, then Ts,lg and Te,lg, can be computed
accordingly.

9.6 Principal Stresses and Principal Directions
Principal Stresses

Computation of principal stresses and principal directions is shown in standard textbooks
[Mang/Hofstetter (2000), Chen/Saleeb (1994), Boresi et al. (1993), Boresi/Chong (1999),
Pestel/Wittenburg (1991)].
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There are three orthogonal planes, in which the shear stresses vanish. Thus,
σ ×n = s p ×n

Eq. 9-43

or
é(s xx - s p )
ê
ê s yx
ê
ê s zx
ë

s xy

(s

yy

-s p )

s zy

ù
ú ì nx ü ì 0 ü
ú × íï n y ýï = íï0 ýï
s yz
ú ï ï ï ï
(s zy - s p )úû î nz þ î0þ
s xz

Eq. 9-44

Since n cannot be 0, ( n = 1 ), Eq. 9-44 holds if and only if the determinant of σ is 0. Thus,
s 3 - I1s 2 - I 2s - I 3 = 0

Eq. 9-45

I1, I2, I3 are stress invariants, that means that their magnitude is invariant to the choice of
the coordinate system. By expansion of Eq. 9-44 the invariants are
I1 = s xx + s yy + s zz
I 2 = s xy2 + s yz2 + s xz2 - s xxs yy - s yys zz - s zzs xx

Eq. 9-46

I 3 = s xxs yys zz + 2s xys yzs zx - s xxs yz2 - s zzs xy2 - s yys xz2

The principal stresses can be computed in two ways. One way is to solve Eq. 9-45 utilizing
Cardano’s equation. Another way is to compute an additional set of invariants: the deviator
stress invariants J2 and J3, the octahedral stress s oct and the Lode angle q (angle of
similarity). If this set of invariants is visualized in the principal stress space (HaighWestergaard stress space), the principal stresses are the sections on the respective axes.
Comparing both methods shows that both methods give the same mathematical
expressions as result.
In order to compute J2, J3, s oct and q , the stress tensor T needs be decomposed in two
components; the mean stress tensor Tm and the deviator stress tensor Td
T = Tm + Td

Eq. 9-47

where
0ù
és m 0
ê
Tm = ê 0 s m 0 úú
êë 0
0 s m úû

s + s yy + s zz
1
and s m = I1 = xx
= s oct
3
3

Eq. 9-48

Applying Eq. 9-44 - Eq. 9-46 to the deviator stress tensor Td, the invariants of the deviator
stress tensor are
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J1 = 0
1
J 2 = I 2 + I12
3
1
2
2
2
= é (s 1 - s 2 ) + ( s 2 - s 3 ) + ( s 3 - s 1 ) ù
û
6ë
1
2 3
J 3 = I 3 + I1 × I 2 +
I1
3
27
1
=
( 2s 1 - s 2 - s 3 )( 2s 2 - s 3 - s 1 )( 2s 3 - s 1 - s 2 )
27
= (s 1 - s m )(s 2 - s m )(s 3 - s m )

cos ( 3q ) =

Eq. 9-49

3 3 J3
2 J 23/ 2

If these equations are interpreted geometrically as shown in [Chen/Saleeb (1994)] or if Eq.
9-45 is solved utilizing the Cardano’s equation, the principal stresses are obtained as
ì
ü
ï cos (q ) ï
ï
ï
ìs 1 ü ìs oct ü
ï
2 öï
ï ï ï
ï 2
æ
J 2 ícos çq - p ÷ ý
ís 2 ý = ís oct ý +
3 øï
3
ïs ï ïs ï
ï è
î 3 þ î oct þ
ï æ
2 öï
ïcos ç q + p ÷ ï
3 ø þï
îï è

Eq. 9-50

Direction of Principal Stresses

The principal stresses are interpreted mathematically as eigenvalues of σ and the
directions of principal stresses are the associated eigenvectors. The principal directions
(eigenvectors) can be computed in a conventional method from Eq. 9-44 with the direction
cosine condition (n12 + n22 + n32 = 1) as additional equation since the three equations given
in Eq. 9-44 are linearly dependent. However, for computational implementation it is more
straightforward to follow a way shown in [Chen/Saleeb (1994)]. The eigenvector equation
is
M×x = l ×x

Eq. 9-51

Comparing Eq. 9-51 with Eq. 9-43, we can rewrite
A ×n = 0
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The inverse of a matrix can be expressed by the adjoint matrix (i.e., the transpose matrix,
whose elements are the cofactors of the given matrix, Eq. 9-59) over the determinant of the
matrix
Aa
A =
A
-1

Eq. 9-53

Considering that
A × A -1 = I ,

Eq. 9-54

Eq. 9-53 can be pre multiplied with A , resulting in
A × Aa
A × A -1 =
= I.
A

Eq. 9-55

Multiplying Eq. 9-55 by A gives
A × Aa = I × A

Eq. 9-56

Since A = 0 (this is a condition in order to get the eigenvalue, (compare Eq. 9-44 and Eq.

9-52))
I× A = 0

Eq. 9-57

and hence
A × Aa = 0

Eq. 9-58

Thus, every row of the adjoint matrix A a can be seen as a vector for the principal direction
associated to the principal stress s p . In fact, all three rows are linearly dependent, so each
one of these vectors represents a principal direction.
If a hydrostatic stress state is given (s1 = s2 = s3) all components of the adjunct matrix are
zero. Then, any set of ortho-normal vectors can be chosen as principal direction since all
directions are principal directions. If two principal stresses are equal, a distinct direction
will be obtained for the third principal stress and a zero-adjunct matrix will be obtained for
the two equal principal stresses. In such a case, any direction perpendicular to the
computed third direction is a principal direction.
The adjoint matrix can be found in any mathematical textbook, e.g. [Kreyszig (1998)]. It is
the transpose matrix, whose elements are the cofactors of the given matrix. In explicit
notation of our 3 x 3 matrix the adjoint matrix is
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A11
é
a
ê+ 22
ê a32
ê
A12
ê a
A a = ê - 21
ê a31
A13
ê
ê a21
ê+ a
ê 31
ë
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